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Autour des anneaux de (Irothendieck

Esther Elbaz

February 2016

Nous allons pr6senter Ia notion d’anneaux de Grothendieck introduite en th6orie des
moddles par Jan Krajicek et Thomas Scanlon dans [1]. Ces aimeaux de Grothendieck
refi6tent certaines propri6t6s combinatoires de la structure a laquelle ils sont rattach6s.
Aprds avoir donn6 les d6finitions 616mentaires, nous donnerons deux exemples de telles
propri6t6s combinatoires : 1’onto-PHP ou principe des tiroirs surjectf, qui est 6quivalent a
ce que l’anneau de Grothendieck ne soit pas trivial ; et le principe de comptage modulaire
qui permet de s’assurer que cet anneau de Grothendieck admet; IFr, comme quotient. Nous
donnerons plusieurs exemples d’anneaux de Grothendieck connus. Puis nous terminerons
en d6mont;rant que pour tout p, iI exist;e une structure M dont l’anneau de Grothendieck
cst de caract6ristique p.

Dans tout l’expos6 ’ld6finissable'1 signifiera ltd6finissable avec paramdtres"

1 Anneaux de Grothendieck et onto-PHP

Soit M une structure. Son anneau de Grothendieck est construit a partir de ses sous-
ensembles d6finissables en identifiant ceux qui sont; en bijection d6finissable. Cet anneau

d6pend donc du langage utilis6. Ce qui suit d6taille Ia construction de cet anneau.

1.0.1 Le premier quotient

Soit M une structure et soit Def ( Mb 1’ensemble des sous-ensembles d6finissables de
MTt pour n variant dans N

Soit 'N la relation d’6quivalence d6nnie sur Def (M) par
A N' B si et seulement si A est en bijection d6finissable avec B.
On note D-ey kM) 1’ensemble DeftM) quotient6 par N
Si A e Def(M), on note [A] la clmse d’equivalence de A

1.O.2 Les lois du futur anneau

On petIt alors munir Def(M\ des operations + et x suivantes.
La loi + correspond a 1’union disjoint;e. Elle est d6finit par

[H] + [B] = [A/ U B’] oa [,4] = [X/], [B] = [B/] et A/ n B1 = O.

L’616ment neutre de + correspond a la classe d’6quivalence de 1’ensemble vide.

1
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La loi x correspond au produit cart6sien. Elle est d6finit pdr : [X] x [B] = [,4 x B]
IJ’616nrent neutre de x correspond a la classe d’6quivalence d’un singleton

1.0.3 On quotient;e une deuxi6me fois

(De/( iI), +, x ) n:est pas un anneau. En effet, la loi + n’est phs inversible. Elle n’est
meme pas simplifiable. En effet, [X] + [B] = [A] + [CI, n’imphque pn; [A] = [C].

Par exemple, soit N 1’ensemble des entiers naturels, consid6r6 comme une structure
naturelle du langage {+, =}

On pent trouver une bijection d6finissable entre N U {(0, 0)} et N (par c>temple la
fonction f telle que /((0, 0)) = 0 et /(n) = n + 1 pour tout n e N.)

Ainsi [N] + [{(0, 0)}] = [N]. Mds iI n’y a 6videmnlcnt pas de bijection entre {(0, 0)}
et le vide et [{(0, 0)}] n’est dorIC pas 6gal a 0.

AHn d’obtenir un monoTde simplifiable, on quotiente (Dey(M), +) par la relation
d’equivalence = d6finie par a = b si et seulement si iI existe c e D-el(M) tel que a + c =
b+

Commc, tout monoTde simplifiable, ( D-ey (M), +) quotient6 par =, se plonge dans un
groupe unique a isomorphismc prds ct minimal pour la relation d’inclusion. (D-ef (M), +, x )
quotient;6 par z, se plonge donc dans un anneau unique a isomorphisme prds,

C’est cet anneau qu’on appelle anneau de Grothendieck de M. II est not6 Ko(M),

1.1 Le principe des tiroirs surjectif

Reprcnc)ns l’cxemple de N consid6r6 comme une structure du langage {+, =}. Nous
avon'; vu que [N] + [{(0, 0)}] = [N] dorIC, dans Ko(M), [{(0, 0)}] = 0. Autrement dit
1 = 0 (puisque Ia c hse d’6quivalence d’un singleton correspond a 1’616ment neutre de la
multiplication). Et Ko(M) est trivial

Ceci est un exemple particulier du lemme plus g6n6ral :

Lemme 1.1. Soit A/ une structure. It g a 6qu£valence entre
It eniste A un ensemble d6Bnissnble de Una MTI en bijection d6$n£ssnb le avec Lui
7neme priv6 ci’tIn point.
L’anTteau de (;rotheTtd£eck de M est trivial.

DEmonstration. L’implication directe se d6montre exactement comme nous l’avons fait
dans Ie cas de N : puisque A est en bijection d6finissable avec X – {a}, [A – {a}] = [A],
[{a}] = 0 c’est-A-dire 1 = 0. Ko( M) est donc trivial

La r6ciproque se d6montre tout ,russi facilement. Si Ko(M) est trivial, alors 10,
Ce qui signifie cn remontant a DeftMl qu’iI existc A un ensemble d6finissable teI que
[,4] + 1 = [X]. Autrement dit en prenant a url 616ment de Un M" n’dppartenant pas a ,4,
A U {a} est en bijcction avec X, c’est-a-dire lui-meme priv6 d’un point. n

La propri6t6 de ne pas admettre d’ensembles d6finissables en bijection d6finissable
avec eux-meme priv6s d’un point, est appe16 principe des tiroirs surjectif, ou en anglais
onto-pigeonlrole principle, abr6g6 onto-PHP.



C’est une propri6t6 du premier ordre,
Ainsi ce principe, qui correspond a une propri6t6 combinatoire des structures, d6ter-

mine si l’anneau de Grothendieck de ces structures est ou non trivial,

2 Exemples d’anneaux de Grothendieck connus

2.1 Les structures finies

Soit M une structure finie. 11 est 6vident que Ko(M) est isomorphe a Z, puisque deux
ensembles d6finissables sont en bijection d6finissable si, et seulement si, iIs ont Ie mame
cardinal

2.2 Certains corps values dans le langage des anneaux

Des r6sultats sont aussi connus pour certains corps valu6s dans le langage L„„„,.„,.
Ainsi, il a 6t6 montr6 par Lou van den Dries dans [4] que l’anneau de Grothendieck de QI,
comme L,„m,,u#-structure est trivial. On rappe11e que la valuation de Qp est d6finissable
dans L a7&neQUE

Dans [51, Raf Cluckers a morrtr6 la trivialit6 de l’anneau de Grothendieck de certaines
s6ries de Laurent dans le langage L„„„„,.„‘

Th6or6me 2.1. SoUl Z; un des COTPS su£va7tt

L = Fg Ie corps de caract6ristique p & q 6t6ments
L = Qp

L est une entension julie tie Qp
Soit K un corps de s6vies de Laurent {t6r6es sur L, c’est-il-dire qu’it exist;e 71 C W* tet que
K = L((tl)) . . . ((t„1 ))((t„)) . Le corps valuE K petIt Etre consid£r6 comme une L.„n,.u,-
structure. (On rappetle que la ualuation cIe K peat atre ddjrnie dans L,nn,.u,.) Dans ce
tangage, a e=iste une b£jectiorb cid$rrissable entre K et K* . L’nnneau cie Grothend£eck cie
K dans te tangage L,„„„„,„,' est done trivial.

2.3 D’autres corps valu6s

La non-satisfaction du onto-PHP est souvent utilis6e pour d6montrer que l’anneau
de Grothendieck d’une structure est trivial. C’est en particulier grace a lui que Deirdre
Huskell et Raf Cluckers out montr6 ([7]) la triviaht6 des anncaux de C;rothendieck des
corps Z-valu6s qui v6rifient Ia condition d6tail16e ci-dessous

Un corps Z-valu6 est un corps ]( muni d’une valuation u : K* a Z. On d6finit
l’anneau de valuation R := {z e K lu(#) ? 0}. Celui-ci admet un unique ideal maximal
m 1’ensemble {a e /fju(z) > 0}

K admet une composante angulaire si on petIt d6finir un homomorphisme ac de
K' dans (R/m)* tel que ac(z) correspond a la clmsse de # modulo m si u(r) = 0

Soit L une extension du I,tngage des anneaux dans lequel l’ensemble {n e K jac(r) =
1} est d6finissable.
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Enfin, on suppose que Ie corps est hens61ien c’est-a-dire qu’iI v6rifie le lemme de Hen-
seI. Alors, iI est possible, gTaCe notamment a 1’utilisation du lemme de Hensel, d’exhiber
une bijection L-d6finissable entire KI et A2 priv6 d’un point. L’anneau de Grothendieck
de I< dans ce larrgagc Z est donc trivial

De fagon plus g6n6rale, soit if est un corps valu6 dont Ie groupe de valeurs a un
urrique plus petit 616nrent strictement positif. Soit ac une composante angulaire et A :=
{r e /fjack) = 1}

Soit L = ( L „,„,„„,, R) Ie langagc des anne?lux enrichi d’un symbole de relation unaire
qui correspond a l’anneau de valuation. Soit Z/ une extension du langage L dans lequel A
est d6finissable. Alors. consid6r6 comme une L/-structure, A’ a un anneau de Grothendieck

trivial (lq).

2.4 Les corps alg6briquement clos

Avant d’etre 6tudi6s par les th6oriciens des modeles, les anneaux de Grothendieck
avaicnt 6t6 introduits en g6om6trique alg6brique. Leur definition dans ce cadre correspon-
dait bien snr a celle g6n6ralis6e plus t;ard en th6orie des modeles a toutes les structures : le
groupe de Grothcndieck d’un corps K est Ie quotient du groupe ab61icn libre constitu6 des
classes d’isornorphisme dcs vari6t6s sur K par les relations de la forme [X] = [Y] + [X\ Y]
pour toutes X, Y vari6t6s sur K. On Ie munit d’une structure d’anneau en d6finissant
une loi x d6finic par

[X] x [y] = [(X x y)red]}
Ils apparaisscnt notamment en int6gration motivique qui a 6t6 61abor6e par Kontsc-

vich pour montrer que deux vari6t6s de Calabi-Yau birationnellement equivalent;es ont
les memes nombres de Hodge. La th6orie a par la suite 6t6 consid6rablement d6velopp6e
par Denef ct Locscr ([6]).

Bien sar les corps alg6briquement clos n’ont pas tous Ie meme anneau de Grothen-
dieck. Celui de C par exemple est trds cornplexe. On sait notamment qu’il admet Z[u, u]
conrnle quotient

II est toutefois facile, grace a 1’onto-PHP, de Inontrer que tolls les corps alg6briquement
clos admet;tent un anneau de Grothendieck non trivial. En effet, dans Ie cas des corps
alg6briquement clos, Ie onto-PHP est une cons6quence facile du th6ordme de Ax injectif.
Celui-ci affirnre que toute application polyn6miale injective d’une vari6t6 alg6brique dans
elle-marne, est aussi surjective et donc bijective.

Ce th6ordme d’ Ax, ainsi que 1’61imination des quantificateurs dans les corps alg6bri-
quement clos, permet de d6montrer tres facilenrent que l’ontoPHP est satisfait, et donc
que l’anneau de Grothendieck d’un corps alg6briquement clos est non trivial

2.5 Corps r6el clos

Soit IR le corps r6el clos consid6r6 comme L.n„,au,-structure. Ko(IR) = Z.
Avant d’expliquer comment cela se d6montre, nous allons faire quelques rappels sur

les cirract6rist.iqlres d’Erller,



On dit qu’une application de Def (Mb dans un anneau U unitaire commutatif est
une caract6ristique d’Euler faible si elle est de la forme x’ o [.] oil xI est un L(0, 1, +, x)-
homomorphisme de Def(M) dans U et [.] est la projection canonique de Def(M) dans
De/(M). L’existence d’une caract6ristique d’Euler non trivialc implique donc que 0 + 1
et dorIC que Ko( M) n’est p&; trivial

Revenons & IR consid6r6 comme L„„„,„„„.-structure. II est bien connu que IR possdde
une caract6ristique d’Euler faible qui n’est autre que sa caract6ristique d’Euler g6om6-
trique

La caract6ristique d’Euler g6om6trique des ensembles d6finissables de IR est d6finie a
1’aide de leurs d6compositions cellulaires. On rappelle qu’on peut d6finir des ensembles

d6finissables d’une forme particulidrement simples, les cellules, qui permettent de recoin-
poser tous les ensembles d6finissables : tout ensemble d6finissable admet une partition
finie en cellules

A chaque cellule est aisoci6e une dimension et 6tant donna une partition d’un en-
semble d6finissable X, on peut lui associer l’entier suivant :

E. ki (–l)£
£elv

oil h est le nombre de cellules de dimension i dans la partition. On peut montrer que ce
nombre ne d6pend pas de la partition choisie et est donc une caract6ristique de ,4. Ce
nombre est la caract6ristique d’Euler g6om6trique de a

L’anneau de Grothendieck de IR est dorIC non trivial et admet; Z comme quotient,
Montrons qu’iI cst isomorphe a Z. Soit x la caract6ristiquc d’Euler g6om6trique dc IR
On sait ([21) que si A, B sant deux ensembles d6finissables de m6me dimension et de meme
caract6ristique d’Euler g6om6trique, alors il existe une bijection d6finissable entre eux.
Cela suffit pour conclure : en effet supposons que A et B sont deux ensembles d66nissables
de mame caract6ristique d’Euler g6om6trique mMs qu’iIs n’ont pas la meme dimension
Alors n’import;e quel ensemble a disjoint de A et de B et dont la dimension est sup6rieure
a dim( A) et dim(B), permet d’obtenir deux ensembles d6finissables A U a et B U C de
meme caract6ristiquc d’Euler g6om6trique et de meme dimension. Autrement elit si a et
B sont deux ensembles d6finissables de meme caract6ristique d’Euler g6om6trique, alors
il existe C7 un ensemble d6finissable disjoint de A U B, tel que A U a et B U a sont en
bijection d6finissable donc tel que [X] +[CI = [B]+[C] . Ainsi, deux ensembles d6finissables
de meme caract6ristique d’Euler g6om6trique ont Ia mame image dans Ko(IR) et x n’est
autre que la projection canonique de Def(M) dans Ko(M) : Ko(M) = Z.

2.6 Modules

Amit Kubcr dans sa th6se ([q) a d6montr6 que les anneaux de C;rotlrendiec ik dcs
modules M dont la th6orie T v6rifie T = Tua sont des quotients du monoTdc Z[X],
oil X est le mono'fde multiplicatif des classes d’isomorphismes d’ensembles d66nissables
fondamentaux (dans Ie sells qu’ils permettent par combinaison booleenne de rec011stituer
tout ensemble d6finissable)- les sous-groupes ppd6finissables. 11 a pour cela irrtroduit des
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concepts de natures g6orn6trique et topologique pour nrieux conrprendre Ia structure des
ensernbles d6finissables

L’ontuPHP lui a permis d’6tablir que les anneaux de Grothendieck de ces modules
sont non triviaux. Puis grace a une caract6ristique d’Euler qu’iI d6finit, iI parvient a les
calculer pIlls explicitenrent

3 Le principe du comptage modulaire

Nous allons donner un aut;re excnrple de propri6t6 cornbinatoire qui lorsqu’elle est sa-
tisfaite par une structure IV, se rcfi6te dans l’anneau de Grotlrendieck de cette structure.

Soit A un ensemble. On dit que A admet une m-partition s’iI existe une partition de
A en blocs d6finissables de cardinal m

D6finition 3.1. Le principe du conrptage modulaire pour m ? 2 affirme qu’iI n’existe
pas d’ensemble A et de sous-ensemble B g A de cardinal compris entre I et m tel que A
ct ,4 \ B admcttent chacun une m-partition

On dit qu’unc structure NI satisfait Ie principe du comptage InodUlairc si le principe
est valable lorsqrre Ia partition consid6r6e est d6finissable,

Tout comme 1’onto-PHP, Ie principe du cornptage modulaire est une propri6t6 du
prcnlier ordre.

II a 6t6 montr6 (l31, ThIn.7.31, ) que le principe de comptage modulaire permet de
s’assurer que l’anneau de Grothendieck d’une structure admet comme quotient un corps
nni particulier.

Th6or6me 3.2. Soient p am nombre premieT et M tIme structure. Supposons que M sa-
tisfait Ie principe du coTnptnge rnodulaire pour p. Alors KoLM) admet Fp comme quotient.

Th6or6me 3.3. La r6c{proque n’est pus tout a fad t/mle. Toutefois : si un ordre !£n6a£re

est d€jrn{ssable sur M et si Ko(M) admetVp comme quotient, alors M snt£sju£t Ie principe
du comptage modtbtaire pour p.

4 Exemple de structures dont l’anneau de (;rothendieck est
de caract6ristique p

Un anneau de Grothendieck d’une structure M est de caract6ristique p si et seulement
si iI existe A g A/” un ensemble d6finissable en bijection d6finissable avec lui-meme priv6
de p points et que X'1 satisfait l’ontuPHP.

Nous allons montrer que pour chaque errtier p iI existe une structure hI telle que
Ko(M) est isomorphe a :Fp

Les exenrples que nous construirons seront des structures de Zariski,

D6finition 4.1. Une g6oIn6trie de Zariski est la donn6e d’un ensemble infini D tel que
chacune des puissances D” avec n 2 1 est munie d’une topologie noeth6rienne v6rifiant
les conditions suivantes :
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(za) ICoh6rence et S6parationl

i) Si I : Dn + Dm est d6finie par /(n) = (/1(z), . . . , in(#)) oh chacun des

It : Ii" –> D est soit constant soit une projection coordonn6e, alors J est
continue

ii) Chaque diagonale AZj = {/ e D" : #i = %} est ferm6e.

(21) IElimination faible des quantiHcateurs]
Si O C D" est ferm6 et irr6ductible et si z : D” –+ Dm est une projection, il existe
un ferm6 F E rr(C) tel que rr(C) = z(C) \ F.

(22) [Uni-dimensionalit6 uniformel

i) D est in6ductible

ii) Soit O g D" x D un ferm6 irr6ductible. Pour a e D”, soit O(a) = {= e
D : (a, z) e C}. Il existe alors un entier IV tel que pour tout a e D", soit
IC(a)! $ N soit CCd) = D. En particulier, tout ferm6 propre de D est nni

(23) [Th6or6me de la dimension]
Soit G g D" un ferm6 irr6ductible. Soit VP une composante irr6ductible non-vide

de a nA;b . Alors dim(C) $ dim(TV) + 1

D6finit;ion 4.2. Un ensemble est dit constructible s’iI est combinaison boo16enne de
ferm6s,

D6finition 4.3. Une structure est unc structure de Zariski si 1’ensemble de ses ensembles

d6finissables correspond a 1’ensemble des constructibles d’une g6om6trie de Zariski. Si de
plus la projection de tout ferm6 est un ferm6, alors on dit que M est une structure de
Zariski projective.

Pour d6finir notre structure de Zariski, prenons IV comme ensemble de base. D6finissons
la famine de topologies suivantes sur les puissances cart6siennes de N

Sur N. les ferm6s sont Ies ensembles finis et N

Sur B+2, une base de ferm6s est donna par
les produits de ferm6s de IV

– la diagonale
pour tout entier j rnultiple de p
les ensembles Aj = {(n, n + J) jn e N} U{(0, 0), (0, 1), . . . , (0, j – 1)} et leurs sym6-
triques

Pour n ? 3, une base de ferm6s de N” est donn6e par les produits de ferm6s de N, de
diagonales et, pour tout k e N multiple de p, tout i, je [l1, mI j,
d’ensembles Hk,i,j = {(71, . . . , Zn) e N"I(zi = zj + k) V (q = 0 A ri e {1, . . . , k – 1})}

II est clair que chacune de ces topologies est noeth6rienne,
On peut montrer que cette famille de topologies d6finit une structure de Zariski projec-
t,i\
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– IV est bien irr6ductible

– Les diagonales sont fcrm6es par d6finitions. De plus, si f est une fonction de N" dans

Nm, d6finie par /(z) = (/1 (z), . . . , h(#)) on chaque fi : N" –> N est sc)it constante
soit une projection sur une des coordonn6es, iI est clair que I est continue

La projection d’un ferm6 est un ferm6

On v6ri6e sans peine que si F est un ferm6 irr6ductible de N”+ 1, alors il existc un
cntier A tel que pour tout a C N", {gl(a, r) e F} est soit 6gal i N soit de cardinal
inf6rieur & A

II est 6galement ais6 de v6rifier que si F est un ferm6 de N” et F1 une composante
irr6ductible non vide de F nAil oa A£J est 1’ensemble d6fini par {zi = q }, alor'•;
dim(F) $ dim(F1) + 1. En efTet, si F est un ferm6 in6ductible, alors iI cst clair
que sa dimension est 6gale au nombre dc ses variables libres c’est-a-dire le cardinal
maximal de 1’ensemble I tel que V i, j e /, aucune relation ent;re zi et n n’est
impliqu6e par la d6finition de F. II est 6vident qu’intersect;er F avec une diagonale
diminue au plus de 1 le cardinal de I,

Il est 6viderrt que si l’anneau dc Grothendieck de cette structure est non trivial, alors
iI est de caract6ristique p.
En cfTet, lip–{ (0, 0), , , . , (0,p – 1)} est le graphe d’unc bijection cntre N et N{0, . . . ,p – 1}

Pour montrer que son anneau de Grothendieck est non trivial, iI suffit de verifier que le
onto-PHP est satisfait

Soit f une injection de IN dans N*
Soil G e N2 le graphe de f ; C est un ensemble d6finissable de N2 et s’6crit don(; comrne
combinaison boo16enne d’ensembles II,'

On remarque que deux ensembles la, Iq distincts sont d’intersection finie.
G est done de la forme IC – F U F1 ofr F, F’ sont des ensembles finis
Ainsi, il existe a url ensemble cofini de N sur lequel i cst de la ft)rmc n n n +Jotl
IJI > p – lou J = 0
Soit E = {a1, . . . , an} Ic comp16mentaire de C et E' le comp16mentaire dc /(a) dans N*
Si 131 > p – 1 et j > 0, alors B’ = {1, . . . , J – 1, al + J, . . . , an + J} est de cardinal
strictcrnent sup6rieur a celui de E et I ne peut 6tablir dc bijection entre E et E1 ; f ne
peut donc pmi etre une bijection entrc N et N*
Si j = 0, alors i est l’identit6 sur C, et donc O E N* et E = E’ : 1’image de f
est dorIC forc6ment N ce qui contredit 1’hypothdse de d6part. Si ljl > p – 1 et j < 0,
alors E = {1, . . . , –J}, disons E = {1, . . . , –J, al, . . . , an} oil al, . . . , a„ sc)nt des entiers
strictement; sup6rieurs X – j
E1 = {, al + J, . . . , an + }} est de cardinal strictement inf6rielrr a celui de E et f ne petIt
6tablir de bijcction entrc E et E1 , f ne peut donc pas 6tre une bijection entre N et N*

On mont;re de fagon sirnilairc qu’il n’existe pas de bijection entre N” et N” priv6 d’un
point : le onto-PIIP est satisfait et l’aIIIreau de Grothendieck est non trivial
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Groupes cycliquement ordonn6s

pseudo-c-archim6diens et pseudo–cycliques.

(;6rard Leloup

10 mars 2015

L’cxpos6 qui suit est tir6 d’un article r6dig6 a\,cc FYanqois Lucas ([LL 14] )

1 Groupes cycliquement ordonn6s.
1.1 D6finit;ion. Soit G un groupe muni d’unc relation ternaire R. On dit

que (G, R) est un groupe cycliquerrtent orfionn.6 s’iI v6rifie les propri6t6s SIri-
va.IIt es

(1) V(#, y, z) C Gs, FiLlc , u . z) + / + y + z + / (R est stricte),
(2) V(', u. ;) C G3, Rt„ .. y, ;) + R(y, ;, „) (n cst cyclique),
(3) Pour tout / e G, nCr, ', .) d6finit une relation d’ordre lin6aire sur G\{r}
(4) R(', ', .) est compatible, i.c

VCx,y, z, u, u) e G' , Rb,y, z) + RLuzv, UTjv,UZT)

Le langage dcs groupes cycliquement ordonn6s est, celui des grouT)es, auquel
on ajoute un pr6dicat ternaire R. Un morphisme de groupes cycliquement
ordonn6s est un nrorphisrne dc groupes qui respecte l’ordre cylclique.

Un exemple simple de groupe cycliquement ordonn6 est obtenu par le
cercle trigonom6trique identih6 au groupe IK des cornplexes de rnodule I
parcourtl dans Ic sells inverse des aiguilles d’rrlrc nrorrtre. Supposons que 1’on
parte d’un point de IK et 1’on rencontre Ies points z, y, z dans cet or(Irc, alors
orr pose R(z, y, ;). En partant d’un autre point, on pent les rencontrcr dans
l’ordre y, z, z ou z, z, y, OII d dorIC 6galement R( y , z, r) et Fil z, 1 , y)

StIr tout grolrpc lin6aircnrent ordonlr6 il existc urre structure de grolrpe
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cyclique Inellt ordorr116. On pose: R(.r, g, z) si, et seulement si, it < # <
OII y < : < / OII z < J: < y. Dans cc cas. on dit clllc (; cst tIn groupc
lin dai re'rlt,ent cycti.que'ln ent ordo'n.'rIC.

On adoptera la notation /?(=1, . . . , r„), o& zI , . . . , r„ sora dans G. pour:

U R(Ii, q, :r k.) , ce qui revient h= U FitI„ zi+1, z„)
lg i<)<kg a 1$£ gn–2

Si G est un groupe lin6airenrent ordonn6 et : C G, = > e, est un 616ment
central et cc)final de G, alors Ic groupe quotient G/<:> petIt 8tre cycliquement
ordorrrr6 par
R(6, G, n) si et seulement s’il exist,e gI , gl, gl tels que & = #{, b = gb,
n = gi et e S gl(1) < gl(2) < gl(3) < = porn IIn a dans le grorrpe altern6 .43
cIc degr6 3 (ou encore, c $ fy'\ / g; < gi < = ou e S gl < g: < gl < = on c $
'it.\ < gi < g; < z)

G/ <=> est Z’en7nuIci I mound-7u7£nd) assoc:ie it C; ct :
Par exerrrple, si (; est 6ga.1 au groupe additif IR des r6els et z = 2x, on a

concratement une dpplication r b> exp(ir) dont Ie noyau est <hr>, IFI/2xZ
cst isornorphe au grolrpe rnltltiplicat,if IK des con-rplexes de rnodule I.

Tout groupe cycliquemcnt ordonn6 est 1’enrol,116 (i’un groupe lin6a.iremcnt,
or(tonrI6. corrrrrre Ic IIlontre le tlr6oranre suivant

1.2 Th6ordme . (R,ieye7’) . St G est IIn groupe cycl£quemerbt ordonn6, alors
it e=iste sur T = % x (; une structrwe (ie groupe tin6aireTnent or(tonnE, Oil
za = B, e) est posit#, central, cojrnal, et tel que G = F/ (za

Le groupe F ainsi obtenu est appe16 le ddr-ol LLE de G, et on le nc)tera u\v(G)
(car d6rou16 se dit ILILIUOund en anglais). On notera 6galement c son 616ment
11eutre darrs Ie cas oil cela n’apportc pas de confusion

Dans le cas oil G est Ie groupe IK des complexes de module 1, le d6rou16
est Ie corps IR des r6els, la bijection entIre IR et Z x IK est obtenu de la
mani are suivante. son / e IR, n, la partie entiere de £/(2z) et a = z – 217a
alors l’image dc / est (n, exp(7:a)). L:ordre et la multiplication sur Z x IK
sora const,rlrit.s de ruani are a ce qlre celt e biject,ion soit lrn isolnorphisnre de
groupes ordonn6s

Le plus grand sous-groupe convcxe de uw(G) contenu dans ] q 1, :6 [ s’injecte
dans G, son image i(G) est appe16e la prrTL'Le lin faire de G. G est lin6airenrent
(:yc:liquenrent orciorrn6 si, et seulerneIrt, si, Z(G) = G



On nc)tera K (C) Ie groupe quotient G//(G) . La classe modulo /(G) d’un
61dmcnt, a dc G scra not6c d. K(G) cst rnuni ci:unc str11cture dc groupe cy-
cliquement ordonn6, qui se d6duit de celle de G. On sait que /C(G) s’injecte
dans IK

Pour obtenir une description des groupes cycliqueruent ordonn6s on d6finit
les produits lexicographiques.

1.3 D6finition. Sc)it (G, R) un groupe cycliquement ordonn6 et (L, $)
un groupe lin6airement ordonn6. Le prodInt tericoqTupthque de (G, R) et
(L, S), not,6 GI L, est Ie groupe produit G x L muni de la relation R‘
d6finie conune suit. Pour tolls a, g, z dans G et /, m, n dans L, on pose

R/(( it. i), (y , m,), (z, n)) si, et seulement si, 1’unc des conclitions suivantes est
v6rifi6e

X(£, y, ;)
= = y + z eLI < m
r + yi = z et m < n
x = = + z et n < !
= = y = z et t < m < n,
x = 'y = z et rn < 'n < I
'I = 'y = z c\ TL < L < m
C’est-a-dire que 1’on regarde d’abord l’ordre cycliqtre sur G, et en cas d’6galit6
sur la prenridre conrposante on tient cornpte de l’ordre sur L.

On remarque que Ie sous-groupe {e}?I muni de la restriction de R est
lin6airenrent cycliquernent ordonn6,

1.4 Th6or DIne. (Stv{erczkoutski [Stv 59]). So£t G un groupe cychquement
ordonTt6. It e£iste un gro tw)e lin6airement or(tonnE L tel que G s’injecte,
comrne grozpe cuchquemertt ordonn6, dans IN L

Cctte injection II’CSt pas canoniqtre, scule la prcrni dre projection 1’est, i tout
616ment elle associe sa classe modulo /(G).

On d6duit de ce th6or dIne que Ie groupe de torsiorr de G s’inject,e darrs
le sous-groupe IJ des 616mcrlts de torsion de IK, c’est-i-dire les racines de 1
dans le corps (D des complexes.

Le cdr7,e posiLif de (; est constitu6 dc e et des / e G qui v6rincnt RCe , z, I–1) .
Si 1’on note (cio, 1) 1’image de = par 1’injection de Swierczkowski, aiors Ia pro-
pri6t6 RCe, z, z–1) revient a dire qlre ou bien 0 < a < r, ou bien a = 0 et
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/ > 0, ou bierr d = 7r ct / < 0

Dans ce qui suit, (G, R) est url groupe cycliquement ordonn6 ab61ien.
Conunc (I est commutatif, on adoptera Ia notation additive, sarrf dans Ie cas
des sf)us-grorrpes de IK. car la notation lnultiplicati\'e y est plus habituelle

a est dit c-arch£mdd£en si /(G) = {0}. Swierczkowski a prouv6 que (::
est c-archinr6dien si. et seulement si. pour tolls / et y dans C; iI existe un
entier n -' 0 tel que R(0, nr, y) n’est pds v6rifi6. Noter que ce n’est pas une
propri6t6 du prernier ordre. Si (7 est c-archim6dien, alors il s’injcctc dans IK
dorIC C7 est ab61ien

Url sous-g70upe c-comucze (Ie G est url sorts-groupe H qui ne contient pas
d’616merrt d’ordre 2 ct qrri v6rific pour tolls / et y dans G:

Lu c H & R,$\,y'y ) k R,N, I. y)) -+ x c II

L’cnserrrl)Ie dcs sous-groupes c-corrvexes propres de G est, canoniqucment cn
I)ijectior1 avec l’ensemble des sons-groupes convexes de i(G) non r6duits i
{0}. On \;oil que G est c-archim6dien si et seulement s’iI lie c:onticnt pas de
sous-groIII)o (:-('.Oliv( IXC bropr(.

On dira que G cst C-It - divisible s’il est 7&-divisible et contient; un sous-
grolrpe isomorphc au soIls-groupe dc ( U, .) cngenrIre par IIner racine primitive
n-i arne (Ie 1’unit;6. On voit que cette propri6t6 s’exprinre par des fornurles du
prerrrier ordre. C; est c-n-divisible si, et seulernerlt si, uw(G) est n-divisible
On dira que G cst c- divisible s’iI cst divisible ct contient un sous-groupe

isom(wphe i (tJ, .)

2 Groupes c-r6guliers.
2.1 Definitions. Sr>it n un entier au moins 6gal h 2. On note (re-n) la pro-

pride: pour tc>us .rl, . . . , =r„ dans a tels que R(0, =1, . . . , .t„, –r„), iI existc

.t C (? tel que (R(.I’1, nr, I.) ou nr = =1, ou nz = =r„) et R(0, .r, . , . , (it –
1 )73 :rn)

On dira que (G, n) est c-lt-rdglrticl' si pour tolls :rb , . . . , /„ dans C; tels
que /?ff). 21, . . . , :r,), iI existc / e (; tel que (nz = zI, ou nr = ,r„, ou
R(£1, nr, I:„)) ct R(0, #, . , . , (n 1 )=, z „)

On dira que (G, R) v6rifie (re) s;il v6rifie (re-n) pour tout n ? 2, ct on cUrd

cure (G, R) est c-r4gllljr.r' s’iI est c-n-r6gulier pour tout n = 2
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On remarque que ces propri6t6s sont du premier ordre et, clairement , si (G, R)
est c-n-r6gulier, alors il v6rifie (re-n). Un groupe lin6aircnrcnt cycliqucment
ordonn6 non trivial n’est pas c-n-r6gulier. Le fait suivant rnontre en quoi la
propri6t6 (re-n) g6n6ralise la d6finition de n-r6gulier connue sur les groupes
totalenrent ordonn6s

2.2 Fait. Si (G, R) est !in6a£rement cycliquement orcionn6, alors il v6riPe
(re-n) st et seuLement s’it est u-r6gut£er au serbs usuel,

2.3 Lemme. Tout sous- groupe de IK est c-r6gutie7

2.4 Th6orbme. Soft n = 2. G t]at-ife (rp.-n ) si, et se’uleTrrgnt, si, i’une des
de'ttx conditIons s'u,iuarttes est vEr tREe

1) (1 est hn6airern,ent cychquement ordonn6, et n-r6gul£er comme groupe
t€n6aire7n,ent 07'don7b6

2) (1 n’est pcts !£n6airement cychquement ordonn6, et est c-n-r6gul£er
En cl’autres terrnes, La classe des groupes cuctiquement ordonn6s qui vErt bent
(re-n) est !’union de la classe des grouT>es !£n6atrem,ent cycliquement ordonn6s
n-r6gutiers et de la classe des groupes cuctiquewbe'nt or(lonn6s c-n-r6gutier's,

2.5 Th6orime. soa nZ 2. Les condItions suivantes sont 6quivalentes.
(1) u,mCG) est 7b-r6guher
(2) G est c-n,-rEg alter
(3) ou bien G est c-arch£Trt6d£en,
ou bien L(G) est n-r6gul£er, K(G) est n-di’u£sibLe et cont£ent une racine pM-
'mitlive n-’i&7rte de l’un{td

(4) le quotient de G par tout sous-groupe c-cont]exe propre est c-n-d£u£s€bte.

3 £quivalences 616mentaires de groupes ab6-
liens cycliquement ordonn6s c-r6guliers.

Si A est un groupe ab61ien et n e IN*, on d6finit ce que nous appellerorrs
ici le n-iarrre Invariant de Zcrkort de A par: [n] A est le nombre mu,<imLun
d’616ments dc ,4 non congrus deux a deux modulo n. dans A. C’est un 616mcnt
de N* U {cx)}, c’est-X-dire qu’on ne distinguc pas les diff6rents infinis. Cette
d6finition permet de voir que si B = ,4, alors pour tout n on a: [n],4 = jn,]B
En hit, si [n] A est fini, alors iI est 6gal au cardinal de A/nA. Si n est premier
alors [n],4 sera appe16 un Inuar£am£ premier de Z(MoTt.

5



Groupes ab61iens cycliquement ordonn6s c-r6gu-
liers denses.

3.1 Proposition. S ott G\ ef C2 dcu: gr 'o-uT)es cyl{que7nent ordonn6s c-
I'6q'IItters debses t.ets que G\ est in sous-groupe cIe G2. A tors G\ est 'UTte

scruS-StTUcture 616mertta ire de G2 si, et seulement st, Gl est pUT dans G2, et
pour tout p premIer b]G1 = [p]C2

3.2 Proposition. Po’dr Lou Le fulll.tUc it - in.tarttnILs pre rrtiers de Zakon Z
et tout so-us-groupe T de I) , it e=iste tin groupe cycliquement or(ionn6 c-
arch,'irl\6dien, dan.orn.brab Ie dense G cIe qto Ill)e de torsion T de famine d’tutu-
I'i.(ll Its pr'erll'iel's cIe Zak,on Z

3.3 Th6orame. IT, c:ui,st.e lin g7'orI,pc (:y(',tl,qttenrcnt ordon,nC c-a?'ch£7n6d,ie7t

'luft;rbi dIdmeIItaireTIIC'rIt £qtri,ualent ir G st, et scrule7nent si, G est c-7'6gnl,icr et
(Le'lrst

De'tt:r g7'oupes cycL{queme7tt ordonn6s c-rag'ulier's (lenses sent 6t6ntenta£re7rrent
6q'u{'ualents si et se'ute7nent; s ’ its c>nt des gTnultes de torsion is07norphes et La
TII FIne fault!!e d’invariants premiers cie Za.k07b,

OII (16(luit, par (-lxelllplc cItI th6ori3nr(1 2.5, (111(: tout groupe ab61ien c)’cliqrre-
In(tIlt ordonn6 c-divisible est c-r6gulicr, (toII(: 1)ar le th6oranre 3.3 un groupe
at)61ien cvcliqtrerrrent ordonn6 est c-divisil)Ie si et serllenrent s’il est 616nren-

tairernent 6qtri\'alent i tJ

3.4 Proposition. On suppose q'ue (7 est c-r6grtt£er, dense et wI-sat IIra
AloT's G c07ttient une sous-str'ncture 6t67ne7tta'ir'e d6nombrabte qui est un growpe
c-(nch i'm,6d'ie7t

3.2 Groupes ab61iens cycliquement ordonn6s c-r6gu-
liers discrets.

3.5 Proposition. Soit GI et G2 dCIIrc gl'otLTles cyliquement. ordnTm6s c-
?'dgtl,II,ers ci{screts teI,s qILe GI est un sous-gm)upe de G2. Atc>rs GI est une
so'tls-st,r''uct'ttre 616nten.t,aRe de Gz st, et, sell,I,erll,e71t si, Gl est 1)II,r dans Gz et
les canes pos-it.as cIe GI ct C2 ora te mEme preTnier 616Tne7rt.
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3.6 Proposition. On suppose que (; est c-r6guli.er discret et non c-ar'ctti-
TIrEd-ten. Atom G contient un sous-groupe pu,r H c-r6guLier discret teI que
KLH) = U et 1(H) = =Z et qui de plus est une sous-structure 616mentaire de
G

3.7 D6finition. Soit T un groupe ab61ien lin6airement ordOIrn6 discret, de
prclnier 616nrcrrt strictelncnt positif lr, et contenant un 616nlent fix6 Zr que
1’on met dans le langage. Comme Ir est d6finissable, on petIt 6galement con-
sid6rcr qu'il est dans le langage. Pour p prernicr, n. e IN* et A e {0, . . . , p" –
1 }, on d6finit la form11le D DvI ,k'. 17, p" r = =7. + All.

3.8 Len\me. Sod; T lut q7'ou'pe a,b6tie'n t{n6€ri7'e7n,ent ordonn6 dis(:'Irt, de
p7'em£er 616ment str£cte7rbent posit£f IT, et coTttenaTtt un 616ment postt£f cob-
nat hrC z,r, que Pon met clans Le \angage. On suppose que Ti WTb est divisibLe.
1) Pour tolls p premier et n C N* , it e=£ste e£actement un eTrtier k e
{0, . . . . p" – I} tel que DD1,n,k est v6rif6 dans I

2) Soit p premier, n e n* , et k e {0, , ' . , p" – I} tels que DD1,n.I, est T6rijr6
dans T . On dEcompose k SOILS la forme k = no + a\p + - ' , + a„_l7;"–1
Oil, pour 1 $ } $ n,, aJ e {0, . . . ,p – 1}, alors pour to? it J $ n, et
ki = aa + ' ' - + n.i_\pi–\ , DDp Ay est vatBEe dans T

3.9 D6finition. Si a est discrct et non c-ar('llinr6dicn, alors lc pIlls petit
616rnent lion nuI la du cane positif de G est d6firrissable, on peut consid6rer
qu’iI est dans le lang,LgC. Pour p prenrier, n e N* et k e {0, . . . ,p" – 1},
D.n .k sera la forrnrrle:
Ir, R(0, 1, 2=, . . . , (p" – 1),r) A p" = = kIa

La forrnule R(0, r. 27, . . . , (p" – 1)z) A p"I = RIG dit que les jz oil 1 S
J g p’' – 1 “IIe font pas le tour conrplet du ccrcle“, rnais que p"/ “fait le
tour” , et vttut hl£'. Ceci revient i dire que 1’image dc = dans un'(C) v6rifie
p’'= = z(, + k\c,

On rcmarqlre que G conticnt un 616ment dc torsion pk relevant unc racine
pk-ibrnc de !’unit6 dans G/<la> qi et seulement s:iI v6rine la formule Dpl. .v
EII I)artictllicr, (7 cont,icnt IIII sotls-grorrpe isorlrorplrc a U si ct scrrlcrrr(:IIt s’il
v(Irif-ie les forrnrrles D p„ ,o I)Ollr tout p prcrrricr ct, A; C N*

3.10 Lemme. On suppose que G est c-r6guUer (hscret infrni. Pour tolls
p pT'e'rn’ter, n. e W* et k e {0, . . , ,p" – 1} , G u6rijte Lcr fOTrnuLe DT,n.k si,
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ct seulement si, uu)LG) u6rijie Ia for-7rtule DDr,k, oh 1'6L6nl,ent mis clans le
labguge est, 3G .

3.11 Lemme. On s'uppose que (I est discltt., IIon c-archim6d'ien, et. que
G / <la> est c-divisible.
1) PorbT tOIIS p pr'e7rl ter et n c N* , it e=iste e=actemertt url entier k e
{0. . . . . pTI – I} tel que Dpn,k est v6rtfr6 dans G

2) Sod p premier, n e n* , et k e {0, . . . , p" – I} teLs que D1,n,k est u6riB6
dans G. On dEcompose k sous La fornte k = an + arp + '. - + a„_lp71–

o&, pour IS J $ n, aJ e {0, . . . , p – 1} . .4/ors pour tout J $ n, et
kj = no + ' ' - + aj_ IPi–1 , Dp, ,k] est u6rijt£e dans G
3) it e:ci.ste une uniqze suite (pp) , oh p parcourt ta suite croissante cles nom-
bItS premiers et PI, est ime application de W* dtm.s { 0. . . . . p – 1} t,eILe que
pour tons p premier, n, e n* et k e A), , . . , p" – I} , G satisfait Dpn,k si, et
settleTrtent si, k = p1,(1) + Pr,(2)p + . ' . + pp (mp"–1

3.12 D6finition. On slrpposc que (; est discrct, iron c-arclriln6dien, ct que
G/<1(.'> cst divisible. La suite ( B,), oil p parcourt Id suite croissa.nte des
nolnbrcs premiers et pp cst une application cie N* dans {0, . . . , p – 1}, d6nnie
dans Ie 3) du lemme 3.11 sera appe16e la suite curcrcL6risttfj'ILC (ie G.

OII rcnrarque que G contierrt un sous-grolrpe isonlorphc A U si, ct sctrlcrrrcrrt
si, porrr tout p prcrrrier l’applicatiorr pp est l’i\pplication nullc.

3.13 Proposition. Soit a1 et C2 dell: ql'orLpes cuctiqttemeTtt 07'dOTtTt6S dis-
crets non c-arch£m6diens tels que ca/ (lc, > = U = C2/ ( Ic.) . Les conditions
srtivantes so’nt 6qui'uatentes
Ct et C2 sora £somorphcs
Cr et C2 vCr#rent les mEmes jormutes D1,n 1k
al 02
La suite caract6ristique de cI est 6gate a la s-u-ite caract£ristique de C:2

3.14 Th6or ame. Deu£ grouT)es cycliqaement ordo’nn6s c-t'6gtrt'iers d,iscret.';

IIon c-arch'im6diens son,t 616menta£rement 6qu+.uatents si et sc'utcTnent s’ its
uCrlBent Les m£mes form-trIes Dpn,k

3.15 Corollaire. Dell II; g7'o'upes c’yct'iq'u,crlt CIlt or-doTLTt6s (:-T'<lq IIli crs d'iscl'cts

lton c-crrutt'iTrt6(liens sc)nt 616rnenta.'i,reme'IIt 6qrr'ivale'nts si, et serrlemen.t si.
le'III's suites caract67'ist'i.ques tsout Eg(IIes.
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3.16 Proposition. Pour to ute suite (Pr,) de fonctions de N* dans {0, . . . , p–
1} , oh p par-court la suite croissante des n07rtbres premiers, it eriste un groupe
cucl{quement OTdonn6 c-r6gut{er discret H non c-arch,imd(hen aVant la SIr,ite
(Pr,) comme suite camct6r£stique.

3.17 D6finitions. Pour c:hague p prenrier, soit pp une applicatiorr de N*
dans {0, . . . , p– 1}. Pour tolls p premier et n. C N*, on note NpR .vp l’ensernble
p"IN' – (EE=1 pk–1 pl,(k)). L’ensemble des NpR .vp sera appe16 la farrbille des
sorts-ensembles de INT* caT'act67qstique de (Pr,). La famine des sous-ensembles
de N* caract6ristique de la suite caract6ristique de a sera appe16e la faTniLle
des so'tls-e'nsembtes de I<* ca7'act6ristique de (].

3.18 Proposition.
1 ) Pour tout, uLtraFttre U SIn- W* , it e£iste e£act,ement une suite (Fn) , oh p
parcourt. la suite croissante des nombres p7'em£er's et pp est une application
de N* dans {0, . . . .p – 1} , t,elle que U contierbt in famiLle des sous-ensembles
de E\T* camct6r-ist£que cie (pp) .
2) Po'ur toute suite (%,)., o'& p parcourt lcr suite croissante des nombres pre-
Tniers et pp est une application de W* dcms {0, . . . ,p – 1} , it e=iste un uLtra-
jiLtTe non principal U sur W* contenant Ia famine de sous-ensembles de W*
curnct6r'Lsti,que cIe (pp)

3.19 D6finition. Sc)it U uil trltrafiltre SIIt IN*, la farllille de soils crIS(1III1)Ics

d6finie dans Ie 1) de la proposition 3.18 sera appe16e Za farniLLe des SOiLS-

cnse7nbLes de N* dOnie par U .

3.20 Th6or ame
1) soa U un ultra$1tre non principal sur N* , C l’ultraprodu£t des groupes
cycliquement ordonn6s Z/nZ modulo U , p un n07rrbre premier, n e N* et
k e {0, . . . , p" – I} , Ators C vEr dIe in formtrle Dl,R,k si, et seulerrbent st,
p"N* – k e U
2) son U un uLtrajrttre non principal sur N* , C I'rrltmproduit des groupes cy-
chquement ordonn6s Z/n.Z modulo U . La jand Ile des sous-ensembles de tq*
d.6jinie par U est 6gate d tcl farrdlle de sous-ensenbbLes de n* ccrract£r£sttque
(Ie (

3) Sod, Ul et Ul deux ult7'n.Ntres non principa,ux sur W* , Cl (resp. Cz)
l’uLtTaprodtLd tIes grorpes cycLiquement oulcrrm6s ZZ/n7Z moduLo U\ (resp.
U,2). At(Irs C I = C2 si, et seulement st, la Jam,tIle ric sous-ensembles de m*
cIa$nie par Ut est 6guLe d La ftLTniILe cie sons-ensernbLes cIe W* d£fhbte par U2
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3.21 Corollaire. IJ Si (; esl in. Inf, c-r-6guli cl- et discl'el., et U esf un
uttrafiltre non prIncipal sur N* , aLors G est d16menta£rement Equivalent a
I'ultrap7'odxit des grouT)es c'ycti.quement ordo'rtn6s Z/ nZ 71rod'uto U s'i, et
se-uteTrrcnt si, in fantitle cIe sous-ensembles de N* caract6ristique de G est
£gate a la famine de sous-ensembLes de b* d6Frtie pcm U
2) G est c-r6gutier et discret si seulement s’it eriste un ultraftLtre sur n* tel
que (; est dIEm,entairement 6qu£uatent d l’uttraproduit des groupes cyclique-
ment. ordonT\6s %/ nZ mod.'do U .

3.22 Proposition. Pour fowl soILs-qroupf’, S de LT, iI c=tste ? in ILltrnp7'oclUll

de qroupcs cycLiq-nes huts dont le gTou.pe de torsion est S

3.23 Th6oranle. I) La classe des g7'oupes ab61tcns cycli.qrLem.ent Ol’donn6s

c-'r'6gul.{er's d{scr'et.'; est la plus petite classe 6t671tc7ttair'(’. contend'IIt to'us Les

gro apes cycliqthes $nis.

2) La classe des g7'oupes ab(;hens cycliqucntent ordonn£s dtscrets u6ri$ant (re)
est la pLus petite classe CtC'rIte'nta£re c07tte7tant tOIIS les gruupes 7n07tog ames.
St G est dans cette classe, alOTS ou bien G est l£n6airement c'ycliquement
or'donn6 6t6menta'i7'e'Tnent Equivalent d :Z, ou bien (; est c-r6gutier et 616-

ment,air'em,eTtt 6quivatent il ibn uttraprochLit cie grouT)es cqcl£q\Les fwas

4 Avec ou sans l’ordre cyclique.
Bien (pre naturclle, la relation d’ordrc c)’clique sur IK apparait beaucoup
mc)ins que la relation d’ordre sur JR. Pour rnicrrx cerner ce cjlr’elle apportc ici,
nous a11ons faire Ie lien avee 1’6tude dc ces nr8rnes groupes en se restreignant
all langagc des grotrpe';. Dans ce langage, on sait que detlx groupe is ab61ierrs

sont 616nrentaircnrent 6qui\'alents si et serrlernent s’iIs ont les nl6nles in\'ariants
de Szmieleu' (cf. [gz 55]). On petIt nrontrer que si le groupe de torsion
d’un grolrpe a.b61ien s’injccte dans U, alors les irrvariants de Sznrieleur sc)nt
crrtiaremcnt d6termin6s par Ie groupe de torsion et les invariants de ZakOII

On pcut refornruler l’un des r6sultats.

4.1 Propositiorr. D eu,x g7uulies cycliqlt ein ent or'dortn(;s c-r6g'ttliers (Lenses
son,t 6t6rlterLta{re71tent 6quivatents c071trrte gro'trpes cyclique711,ent ordon7t6s si et.
se ule7n.e'n,t s ’ tIs so'nt 616me7tt,a£t'eTn,ent daII italents com7ne gIn%pes. La in anl e

chose est ViII ie po11,7' deux 97'oupes li,n6aiT'em,ent or'donn6s r'6glttier’s (lenses,
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En ce qui corrcerne les groupes c}’cliquenrent ordOIrn6s c-r6guliers discrcts.
pour url groupe de torsiorr fix6 ils ont tOIIS les nr6nrcs in\ariants de Sznricle\v
(ou in\'ariants de Zakon, cela revient au maIne), donc ils sont 616merrtdirement
6quivalents dans le langage des groupes, nrais ils ne sont pas n6cessairenrent
616nrentairenrerrt 6quivalcnts dans le langage dcs grorrpes c)’cliquenrent or-

dorrn6s, a cause des pr6dicats DT,n ,k

On sait qu’un groupe ab61ien est ordonnable si et seulement s’il est sans
torsion, cela d6pend dorIC de sa th6orie du prelnier ordre. De manIC, Ie
fait d’8tre cycliquement ordonnable d6pend de la th6orie du premier ordre
d’un groupe. On va voir que le fait de pouvoir 6tre muni d’une structure de
groupe cycliquenrent ordorrlr6 c-r6gulier discret , on d’IIne structure de groupe
liIr6airernent ordonn6 r6gulier discrct ne d6pend pas de la th6orie du I)rernicr
ordre (1’un groupe. II existc dcs groupes ordonlrat)Ics qui nc pcuvcnt pas atre
nrunis d’IIne strtrcture dc groupe lirr6airernent ordoun6 r6gulicr dense, IIi de
groupe c)’cliquernent ordorrrr6 c-r6gulier derrse.

4.2 Proposition. S ott C7 un gr'oupe ab61'ien sans tO'l'S'iOTt.

It eziste stir (; une stmrcture de groupe t£n6airewtent 07'donn6 r6gut£er a'ucc
plus petit sous-groupe conve£e propre si, et settlement si, pour tout p premier
it c£iste une famine Ina=trncrte I. 11’6L6Tnents dewI iI tItrUIn non congr tbs Tn,OIl'U.to

p de cardinal au plus 6gat au c(r7'd{nat de R
It e:iste sur (; une struct ttl’e de gI'oupe lin6ah'emertt or'clonn6 r6guhel' (liscr'et,
st, et seulement st, pour t,out p premier [p] (; = p et it e=iste un 616ment qui
rt’est divisible par aucun p premier,

Supposons maintenant que a son un groupe ab61ien sans torsion tel qu’il
cxistc tIll lronlbre prcnricr /9 ct une f,rnrille nlaxirnalc /p d’616nlents deux a
delrx non congrus modulo p et de cardinal strictenrent plus graIrd (luc cclrli
de IR et, pour tout q prenrier distinct de p, G est q-divisible. On colrsid dre la
c16ture (livisible A du sous-groupe engendr6 par la farnille I.. Consid6rolrs un
sous-groupe pur C de A distinct de A. Donc l’un des 616ments de la famille /p
n’cst pas (lans a, donc #/C 11’est pas divisible. Conlrrre Ie cardinal (lc H cst
strictenlcIlt plus grand que celui de ]R, iI ne petIt pas y avoir de structtrrc de
grc)ul)c lirr6airernerrt ordorrlr6 arclrirrr6clicn. Airrsi, iI rr’cxistc pas de b;tru(:tlrr(i
dc grorlpc ordolrn6 r6glrli(:r s tlr H. P011r la rlrarne raisorr, il n’exist,c pas (Ic
strtr(:trrrc de groupe cycliquerlrcnt ordonn6 c-r6grrlicr.

Si 6’ cst un groupe ab61icrr irrfirri sur leqlrel il cxiste une strtrct.tIre de
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groupe c\’cli(!uerrrent ordorrn6 c-r6gulier (liscret. alors SOII groIII)c de torsiorr
s’irrjccte dans IT. ct (; colrtient un 616nrcrrt c (lui n'est di\’isil)Ic 1)at aucrrrr p
I)r(tlrrier et tel que le groupe quotient G IIte est divisible. Le fait que e nc
s(iit (iivisible par auc:un 7; prenrier ne peut pas s'cxprirner par une fornrule du
premier ordre du langagc dcs groupes (l’exemple qui suit va le prouver), alors
(Inc c'est IIlle corrs6quencc d'rrrre forrnule du langagc dcs groupes cyliquenrent
c)rdorrlr6s (e cst le plus petit 616ment du cane posit if)

4.3 Exemples de grotlpcs qui sont 616mentaircrn(mt 6qui\.’alents a des grou-
pcs cycliquenrcnt ordonn6s c-r6guliers discrets dans le langagc dcs groupes,
rnais qui ne pcuvent pas etre rnrrnis d’une structure de groupe cycliquernent
ordonn6 c-r6grtlier (]iscret. . Corrsid6rons tIlle fa.nrille a„ , 72. e N*, (-1’616ments de

IK\ IJ rationncllenrc lrt ind6pendants, ct a la somme direct(' dcs ILl v.An.,, (oil
(p„)„ev;- est la suite croissante des nornt}res prenriers, et IL,vl. lc localis6 de
’//. on p„). Tout 616nlcnt (Ie C: est cont,chu (lans une sonrnlc fillie Z(/,n1 )a„, +
' ' + Z(1,,11)a„,, dc)nc (livisible par tc)IIt P prernier distinct de P„,, . . . , Pn,

Aillsi, G nc cont.ient pa'; (1’616nrent qui nc soit divisible par aucun nonrbrc
prcrrrier, done ne petIt 1)as Gt,re rnuni (i’IIlle strrlcture de grorrpe (:ycliquenrent
ordorrlr6 c-r6gulicr disc:ret. Cepcnd£tnt, cornule on 1’a (i6j it rcrrlarqu6, pour
Lc)IIL ?? premier on a [p]G = p, donc C7 cst 616mentairenrent 6quivalent clans
le Ian}{age des grout)cs i toltt groupe cycliqtrcrncnt ordonn6 c-r6grllicr discret
sans torsiorr. On r'enlar(luc que (7 est aussi 61(’Int(3ntairement 6qrrivalcrrt a Z,
rrrais nc petIt pas 6tre rntrrri d’unc strrrct,tIre (Ie groupe lin6aireInent ordonn6
r6grllier discrct
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Introduction
We present here a summary, omitting proofs, of the main results of the paper [DP5] , submitted

In [DPl] we introduced the notion of a real semigroup (henceforth abbreviated RS), an
axiomatic framework aimed at studying diagonal quadratic forms with arbitrary entries over
commutative, unitary rings 1 admitting a minimum of orderability. 2 The axioms defining RSs
and their underlying structures, the ternary semigroups (abbreviated TS), appear in 1.1 and
1.2 of the paper [DMP] in this volume. For more details the reader is referred to [DPl], BS 1,2,
pp. 100-112, or to [DP2], g 2, pp. 57-59. We proved ([DPl], ThIn. 4.1, p. 115) that the RSs
are categorically dual to the abstract real specLru ( ARS), previously introduced in [Br] and [M],
Chs. 6 – 9, with a similar goal

In [DP2], [DP3] we introduced and studied two outstanding classes of RSs, the Post algebras
and the spectral real semigroups, and their dual ARSs. The aim of this paper is to present a
third natural class of RSs (and their dual ARSs), namely fans, and develop their theory.

Initially,- fans were discovered by Becker and K6pping [BK] 3 as a distinguished class of
preorders in fields, and further investigated by several authors. Chapter 5 of the monograph
[La] gives a quite complete picture of the role of fans in the context of fields, and contains many
bibliographical references.

A further step was taken by Marshall, see [M], Ch. 3, who generalized the notion of a fan to
the context of abstract spaces of ordertngs (AOS), an axiomatic framework extending the field
case. In [1,i] (see also [DRIll, Ex. 1.7, pp. 8-9, and pp. 89-90) this notion was treated in the
framework of reduced special groups (RSG), and its functorial duality with the corresponding
notion of fan in the category of AOSs proved.

Fans surfaced again in [ABR], Chs. 3, 5, in the still more general context of spaces of signs.
a framework equivalent to that of ARSs. However, the notion of a fan used in [ABIi] (cf. Def.
3.12, p. 75) turns out to be essentially that of an AOS-fan suitably embedded in an ARS; see
also M], p. 162. Incidentally, the book [ABI!] extensively witnesses the key role that fans play
in real algebraic and real analytic geometry; see, e.g., [ABEl], Thms. IV.7.3 and V,1.4 (the
“generation formulae”), and [ARI, pp. 1-7, where further references can be found,

However, a sufjrcientty general and intrinsic notion of fan in the Gcrtegories oj ARSs and

In this paper referred to simply as Mags.
2 Namely, having a non-empty real spectrum or, equivale11tly, that –1 is not a surn of squares.
3 See [ABR], p. 84, and [La] , Notes on 5 s, p. 48
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of RSs4 doc.s ncl eMsl at present. The aim of this paper is to fill this gap. The key leading
to such a notion consists in bringing into play the (enriched) semigroup structures underlying
the real semigroups, nanrely the ter-rLCLr-u $errrigroups ([DRIP], Def. 1.1, and [DPI], Def. 1.1, p.
100)

\\-e start by briefly reviewing the definition of a fan in the (dual) categories AOS and RSG
(for inore details, see [XI), Ch. 3; [Lij, Ex. 1.1.6, pp, 30-31; [DRIll, Ex. 1.7, pp. 8-9).

A fan in the category AOS (henceforth called an AOS-fan) is an abstract space of orders
(X, G) where “X is biggest possible” ; there are two equivalent ways of making sense of this
idea

(1) X consists of all group homomorphisms h : G –} { tl} such that h(–1) = –1
(2) (X, G) is an AOS and X is closed under the product of any three of its members

A fan in the category RSG (henceforth an RSG-fan) is a reduced special group G whose
binary representation relation is “smallest posit)Ie”; there is only one way of Inaking sense of
tlli
[RSG-fan] a e Dc(b, c) iff either b = –c or (b 74 –c and a c {b, c})

Remarks 0.1 (a) While condition (1) above implies that (X, C) is an AOS, the last require-
ment iII (2) alone is not sufficient to guarantee that (X, C) is an AOS; in addition, one must
require that:

(i) X separates points in G, i.e., []aex ker(a) = { 1}
(ii) X verifies the foIIo\ving maxinlality condition (see [M], axiom [AX2] for AOSs, p. 22)
for every group homomorphism a : C –> { El}, if a(–1) = –1 and a, b C ker(a) +
D \. (a, b) C ker(a), then a e X

(b) The definition of binary representation given by condition [RSG-fan] above (together with
1 / –1) implies that C is a RSC ([Lil, Prop. 1.1.14, pp. 34-36). D

We define the notion of a fan in the category ARS of abstract real sl)ectra by postulating
the analogs of conditions (1) and (2) above, upon replacing the underlying notion of a group of
exponent 2 with a distinguished element –1 bg that of a tertIary sentigroup (abbreviated TS)
and, of course, the target group { El} by the ternary semigroup 3 = {–1, 0, 1}

Definition 0.2 Given a ternary semigroup G and a non-empty set X g HDmI.s (G, 3) 5,
(1) (X, a) is a fan1 iff X consists of a TS-homomorphisms from a to 3 = {–1, 0, 1}, i.e.,
X = HomT, (G, 3)
(2) (X, G) is a fan9 iff it is an ARS and X is closed under the product of any three of its
members,

\Ve shall frequently use in the sequel the following weaker notion to which we give a name:

(3) (X, a) is a q-fan (quasi-fan) iff X is closed under the product of any three of its members
and X separates points in G, i,e., for every a, b C G, a 7£ b, there is h e X such that
/:(a) + h(b). D

Remarks 0.3 (i) The set 3 = {–1, 0, 1} under obvious operations has a unique structure
of TS. In fact, endowed with suitable ternary representation and transversal representation
relations (cf. [DPl], Cor. 2.4, p. 109, or [DP2], Ex. 2.3 (3), p' 58) it has a unique structure of
RS. It obviously is a fan

4 The categories of AllSs, RSs, AOSs, RSG’s, under natural morphisrns, will be denoted by boldfacing the
corl'espollding acronynrs.

a lloln,ra (G, 3) denotes the set of all TS-homomorphislrls from the TS G into the TS 3,
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(ii) in 0.2 (2) we allow products of type h?b2; as opposed to the case of special groups, squaring
a TS-homomorphism does not produce a map constantly equal to 1. Note also that b3 = h,
and that the product of any three TS-homomorphisrns is again a TS-homomorphism

(iii) An obvious example of q-fan over a TS, G, is (HomTS (G, 3), C): Hc)mTS (G, 3) is closed
under product of any three rnenrbers, and separates pointi -in a by the separation theorem for
TSs, [DPl], Thin. 1.9, pp. 103–104
(iv) The notions fan1 and fan9 turn out to be equivalent (Corollary 2.4). D

As for the dual category RS, we shall prove that, under a suitable necessary condition,
q-fans automatically produce real semigroups where both binary representation relations Dt
and D are smallest possible (Theorem 2.1) .

1 Some basic definitions and preliminary remarks.

Reminder. The set Hom,., (T, 3) = XT of all TS-characters, cf.
with a natural spectral topology, introduced in [DMP], Sl.5 (b). 6

footnote 5, is endowed

We register tIle following simple facts, which play an essential role throughout this paper.

Lemma 1.1 (Characterization of the specialization partial order in XT.)

Let T be a TS, and let g,h e XT. The joUouing are equivalent:

(1) 9 v+ h (i.e., h is an specialization of g)
(2) h–1 [1] Cg–1 [1] (equivILlently , h–1 [–1] Cg-1[–1]).
(3) g–1 [{O, 1}I C /'–1 [{O, 1}I

(4) Z(g) C Z(h) and Va e G (a ( Z(h) + g(a) = hCa))
(5) h = t?g (equivalentLy, b2 = hg)

Fact 1.2 Let (; be a ternarv sernigroup, Let X C HomTS (G, 3), and assume that (X, G) is a q-
fun. A necessary condition for (X, G) to be an ARS is that for all a,beG, either Z(a) g Z(b)
or Z(b) g Z(a). Here, Z(a) = { h c XI hCa) = o}. D

The following result gives alternative characterizations of the necessary condition in 1.2,

Proposition 1.3 Let T be a ternuTV semigroup. The foltouing conditions are equivalent;

(1) The jumUu {Z(a) 1 a c T} is totally OTriered under incLusion

(2) For all a,beT, either a2b2 = a2 or a2b2 = b2
(3) Every proper ideal of T is prime (i.e., ab e I + a C 1 or b e 1)

(4) The set of ideaLs of T is totaLLy ordered under inclusion.

The representation partial order of a real semigroup.

In a reduced special group, G, the binary relation a $ b + a e Do(1, b) is a partial order for
which the operation “Inultiplication by –1” is an involution. Further, this relation is indrrced
from the partial order of the Boolean hull of a ([Dh11], Cor. 4.4 (C), P. 62 and Cor. 4.12, P.
69)

In the context of RS’s, none of the binary relations a e D(1, b) or a C Dt(1, b) defines a
partial order for which the operation “–” (multiplication by –1) is an involution.

Howcvcrt since every RS, C, is canonically crrlbcdded in a Post algebra (seen as a RS, its
“Post hull” ([DP2j1 Prop. 4.11 p. 62), which is a distributive lattice, the latter induces a partial
order on a givcrr by,

6 As a reference for spectral spaces \ve use [DST]
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Definition 1.4 ([DP2], Rmk. 2.5, p. 59) Let G be a RS, and let a, b c G. We set:

aSa b iff a eDc(1, b) and – he Do(1, –a)

Sr is called the representation partial order of G. [Unless necessary \vc omit the subscript
in gG.] a

When G = 3 this definition gives 1 <30 <3 – 1, the opposite of the order of these elements as
Integers

The following theorem summarizes the most important properties of the partial order $6

Theorem 1.5 ([DP4], Prop, 1.6.4 et 1.6.5.) Let G be a RS. For a,b, =,VeG we have.

(1) The reLation $ is a partial order on G such that a $ b ++ b $ – a

(2) For all ae G, 1 S a $ –1
(3) a $ 0 + a = a2 cId(G), 7

0 S a ++ a = a2 C –Id(C).

(4) Let XG be the character space of G . FoT u,beG ,

a $6. b +

<->

\fh c Xa (hCa) $3 h(b)) +>

Vh c Xc [(h(b) = 1 + hCa) = 1) A (h(b) = 0 + hCa) c {0, 1})]
(5) The fotLouiing are equivalent;

(i) a2 $ b $ a2; (ii) Z(a) C Z(6);
In particular,

(6) a2 5 ab S –a2 (hence a2 S t a $ –a2)

(7) if a2 gb g –a2 and b is {nvertibLe, then a is inuertibte.
(8) a $ n, y -+ a $ –ng. Hence, 3,UGa -+ ny $ a.
(9) For all n e G , the infrmum and the supremum of a and –a for the representation partial
outer < exist, and a N – a = a2 , aN – a = –a2 . In particutaT,

(10) aA – aS 0 gb V – b /or all a, beG. 8 B

(iii) b = a2b.

The following notion will be of constant use in the sequel:

Defrnition 1.6 (Saturation) A subset S of a RS, G, is called saturated iff for every pair a, b
of elements of G, n,b eS -+ Dc(a, b) C S. n

2 The main results and some consequences.

The first order of business is to work out the explicit form of the representation relations

corresponding to the notion of “q-fan”. Given XC 36, ternary relations Dx and D} are
defined by the following clauses: for a, b, c C G,

[R] a a D \'(b.c) iff Vb e X [h(a) = 0 V (hCa) + 0 A (hCa) = h(b) V hCa) = hCc)))]

[TRI a e Dtv(b, c) iff Vh c x [(hCa) = o A h(b) = –h(c)) v (hCa) + o A
A (hCa) = h(b) V h(') = h('))) I

(See [I1] , g 6.1, p. 99.)

7 1(1(G’) = {a2 1 a e C} is tIle set of idc7rtpotents of C'
8 Called tllc K leene in.cqtralitu', cf. [DP2], RInk. 1.2 (b), P
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A. Main theorems.

Theorem 2.1 Let G be a te7nary seTnigrt>up uerifuing
[Z] Va,b€ G (a2b2 = a2 or a2b2 = b2)

Let X C Hc>mT,> (G, 3) be such thal (X, G) E q-fun. IFit/l D = Dx und Dt = DI denoting the
representation relations defIned by [IiI and [T/?] aboue, for a, bcG Ive hauer

f { a} a a2&2 = b2 and a2b2 + a2

[”'] „'(„q= 4 !!b} :$ Cb’==b''’==IIb: JO
I { cPa llC (;} if b = –a.

[D] DCa, b) = a ' Id(G) U b ' Id(G) U {a e G 1 ra = –lb An = a2r}. n

Theorem 2.2 Let G he a ternarT semigroup uertfving condition [Z] of Theorem 2,1.
conditions [D] und [Dt] in 2.1 are interdefrnuble in the foUouring sense.

(1) Assuming that u ternuru relation D onG is deftned us in [D] and the corre$poncling t
sat representation is given by tIle clause

a e Dt (b, c) + a C D(b, c) A b e D(–a, c) A –c C D(b, –a),
then D[ ucrl Fes condition [Dt] a/ 2.1

Then,

(2) Conversely, if Dt is defIned as in pl and the associated ternu71 representation reLation D
is defIned by the stipulation a e D(b, c) + a c Dt(c?b, a2c), then D verifIes clause [D] of 2.1.D

Theorem 2.3 let G be a ternuTl serrLigrOup uertfying condition [Z] of Theorem 2.1 . mt/& the

ternury relation D tie Aired as in 2.1, (G , D) is a real sc7rrigroup. Q

TIle proof of these results is long and delicate but they are very fruitful

B. Some consequences.

Corollary 2.4 Let G be a :fS verifying condition [Z] of Theorem 2.1 and let X g Homl.s (C, 3)
The foIIo\ning are equivaLent:

(1) (X, G) A fan1 (i.e., X = Homl,s (C, 3) )
(2) (X, G) is a q-fun and veTifres: for euerv subsemigroup S of G stick that S U –S = G antI
S n –S is a ( proper) prime ideal, there is h e X such that S = h–1[0, 1]

(3) (X, C) F fan,. n

Definition and Notation 2,5 (Fan) Henceforth \ve call ARS-fan either of the equivalent
notions fan1 or fan2. In using the notation “(X, C) F ARS-fan” \vc implicitly assume that
the underlying ternary semigroup G verifies condition [Z J in Theorem 2.1; this assumption is
crucial and, in fact, distinguishes fans from most other classes of ARSs. \Ve shall also say “G is
a RS-fan” , tacitly assuming that its representation relations are those given in Theorem 2.1
If tIle category under use is clear from c011text, we may simply write fan instead of ARS-fan
or RS-fan. D

Corollary 2.6 Let a &e a TS verifying coTLdihon [Z] of Theorem 2.1 . Let A he a real semi-
group, and Let f : G –+ H be a horrLorrtorphism of ternary semigro lips. Then, f preserves the
representation relation D defined by clause [D] of 2.1, and hence it is a RS-homomorpthsm

from (G, D) tnLo H. In otFLcr UIOTdS, HomRS((G, D), H) = Horn.rs(G, a). D
Ill I)articular we have



Corollary 2.7 Let c: be a TS rlerifutng condition [z] of Theorem 2.1. Then

(1) HomRS ((G, D), 3) = HomT,; (G, 3).
Ht Ince

(2) The ARS dual to the real bcrrttgroup (G, D) is (HonrTS (G, 3), a) , 9

(3) (HomTS (G, 3), a) is a fan1 (hence an ARS-Jan, see 2.3)
(4) (G, D) is a RS-fan

Corollary 2.8 Let (G, D) be a RS-fun. Then, the set GX = {a e GI a2 = 1} of invertible
elements of G with representation indHced by restriction of D to GX 1 is a RSG-fan1 i.e.1 a fun
in the category of reduced special groups. C

Corollary 2.9 Let. (? be a TS verifying condition [Z] of Theorem 2.1 and let 1) be the Lernarh
relation on G defIned by cLause [D] therein. Then,
(1) Euery TS-ideal of G is a saturated prime ideal of the real semigroup (G, D) (cf. 1.6)

(2) /4 TS-subsemiqr-o up S of C? is saturated in (G, D) LII it contains Id(C) = {z2 1 r e (3} and
S n – S is art ideal . D

C. Characterisation of q-fans.

It is eusy to give examples of q-fans that are not fans. The following theorem gives a
topological characterization of q-fans,

Theorem 2.10 Let G he a Lernary semigroup and let XC Xc = HomTS (G, 3) be a non-
empty set of TS-chaTucters closed under product of any ttITee of-its members. Then,

(X, G) is a q-Jan ++ X is dense for the mnstructibte topology of XG
In paTticuLar, if X is proconstructibte, i,e., closed in the constructib Ie topoLogy, then X = Xp ,
ljnd hence (x, c) is a fun. -’n

3 Examples.

With the aim of illustrating the notions introduced above, we present in this section some
examples of (alas, finite) fans based on ternary semigroups with up to three generators. For
each examl)Ie we shall draw both the root-system of an ARS-fan ordered under specialization
and the representation partial order of its dual real senrigroup

\Ve already know that 3 is a fan. Recall that condition [Z] in Theorem 2.1, Vab(a2b2 e
{az, b2}), is necessary to obtain a fan. With this condition fulfilled, the representation relations
defined in 2.1 turn the underlying ternary semibroup into an RS-fan (2.3 and 2.5)

Example A. Ternary semigroups on one generator.

Call = the generator. We treat first the case where there are no additional relations (“free”
clue). The corrcspondinF, TS is

F\ = {1, 0, –1, z, –=, =2 , –72}
The necessary condition [Z] is trivially verified. Characters are determined by their value on z,
arId any vaIIIe 1, 0 and –1 is possible; hence the dual ARS, XP , consists of three characters

given by: /,,(E) = Q, h,(r) = 1, /,3(,) = –1. Cl,,Fly, h, = hi . h,, wh,n„ h, -+ h,, f,r i = 2, 3
(Lcnrnra 1.1). So \vc get the specialization root-system below left

9 Recall tllat O = {aja C C}, wllere d e 3H'’'“TS(C'3) is the map “evaluation at a”: for a e
IIoInTL. (C, 3), aCa) := aCa)
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Specialization root-system of X
1' Representation partial order of F1

The representation partial order of the real semigroup F, –illustrated in Figure 1, right– is
computed straightforwardly from Theorem 1.5 (4)

Remark. Barring the case where the generator n becomes invertible (i.e., £2 = 1, which
gives a four element RSG-fan with an added 0), the only possible additional relation is z2 = =,
which eliminates the character 113. Thus, we get the following diagrams for the specialization

Figure 1

order (left) and the representation order (right);

1::
-1

1

Figure 2

A more interesting example is:

Example B. Ternary semigroups on three generators,

Generators: r, y, z. Condition [Z] gives raise to the following possible relations;

1. £2 = y2 = z2. ( [Z] is automatically verified in this case.)

2. r2 = y2 74 z2 and #2z2 = y2z2 C {#2, a2}

The two identities obtained from the last clause give raise to non-isomorphic cases, and, upon
permutation, all cases where tn'o of the three generators have equal squares (i.e., equal zero-sets)
are isomorphic to these,

3. r2,y2, z2 are different, and #2#2 C {£2, y2}, 7232 e {#2, z2}, #2z2 C {g2, z2}

A case-by-case analysis of all eight combinations of these \alues shows that, up to isomorphism
by pernlutation, the only surviving case is £2g2 = z2z2 = 92 and ?/2z2 = 92

As an illustration we analyze the following configuration

(a) 72 = 92 + 22 and z2z2 = y282 = 22

This amounts to Z(z) C Z(r) = Z(y). We focus on two alternatives;

i) No relations other than the above.

RoutiIre clrecking sIlo\\’s that tIle followirrg are all possible characters:

– b1 sends all three generators to 0;
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– - /72, As send r, y to 0 and, say, b2(z) = 1, hi(z) = –1;
- it . 1, . . . , / 111 assign to the generators all possible combinations of values # 1, with, say,

/z,1, . . . , hT sending z to 1, and A8, . . . , h\\ sending z to –1

Call F, tIre TS corresponding to this case. Using Lernm,t 1.1 one sees at
specialization root-systenl of the ARS dual to F2 looks as in Figure 3,

that the

hq hs hG hT hb hg h 10 h 11

Figure 3. Specialization root-system of X F2

Since XI„ has 11 elements, \ve lnust have card (4) = 23 it) the reader is invited to check
tIltit

F,z = {1, 0, –1, r, –r, g, –y, z, z, P, –=2, z2, –zz, rg, =y, =z, zz,
Hal – J/ZI /Z, –£2zl =yz, –#gz}

The Hasse diagram of the representation partial order of F2 is drawn in Figure 4,

f4+©e$ze€e2 Z(=y z

Fi©ue 4. Representation partial order of F2.

Theorem 1.5 is used ill the conII)utation of this diagram

One may also consider fans arising by adding relatiorrs 1)etweerr generators; &'; an exanrplc
\ve describe the fan obtained fronr the preceding one by adding:
ii) The relations =z = z and 22 = 1

TIle additional relation z2 = 1 makes z invertil)Ie and hence excludes the character / I, sending
z to 0. This makes the characters h„ , / I.. to becorlle “disconnected” ; \ve obtain a “t\vo-
cornponent” root-systenr

1c) For Hnitc RS-fans, J", one has card(F) = 2'card(Xr) + 1; this is proved employing the tools described in
$7



Figure 5. Specialization root-system of XFa

The dual RS-fan is: F4 = {1, 0, –1, a, –z, y, –y, z, –z, z2, –12,ny, –ny}, with the represen-
tation partial order:

Figure 6. Representation partial order of F,

A common feature of these examples is that, under the representation partial order $ every
RS-fan is a bounded lattice:

Theorem 3.1 Let F be a RS-fun and Let $ denote its representation partial order (1.4). Then,
( F, $) is a lattice with smallest element 1 and laTgest eZemenC –1. D

Remarks 3.2 (a) A closer look at the examples presented above shows that the lattices (F, S)
are not modular –hence not distributive either– except in very special cases. In fact, most
of these lattices contain the configuration

,/

•

•

~\

as a sublattice (cf. [B], Ch. V, S 2, Thin. 2, p. 66). For instance, in Figures 4 and 6 above, the
subIattices {32 < £2 < –12 < –z2; z} and {1 < =2 < –22 <, 1; z}, respectively, form such a
pentagon. Example 3. A is modular but not distributive. Note that a RSG-fan (i,e., a reduced
special group that is a fan, cf. [RS(3-fan], Introduction) is a modular lattice under the order
aS bert e D(1, b)

(b) Since Id(F) U –Id(F) is a totally ordered subset of (F, $), the proof of Theorem 3.1 shows
that the lattice operations in (F, g) satisfy the following identities:

a A b = { : : : i = = i = = i ? }

if a lb
if a, b are g -comparable,

and

„~' b = { ==:}='bf –'’}
if a 1 b
if a, b are g-comparable,

Note that, if a 1 h, then a AD, a Vb e Id(F) u –Id(F)
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(c) The operation n -+ – r (= e F) is lint. a complement in the lattice-theoretic sense, but it
verifies

The I<leone inequality a A – a $ 0 Sb V – b. (A special clue of Theorem 1.5 (10).)
– - The De Xlorgan laws. a

4 Quotients of fans

A. Reminder. Congruences of ternary semigroups and of real semigroups.

Definition 4.1 A congruence of tertiary scmigroups (abbreviated TS-congruence) is an
equivalence relation = on a TS, G, compatible with the semigroup operation and such that
the induced quotient structure G/= is a ternary semigroup. [This is equivalent to require =
to be proper, i.e. = C C x G, and for = c G, z = –r -,' = = 0.] a

Remarks 4.2 (a) Since the axioms for TSs are universal, the quotient in ap rr
is a\ltorrurtically a TS-hornoInorphisIn

(b) For each non-empty set }{ g Xr, the relation

(t)x „ =x D +> Fo, all h e %, h(„) = /,(b), (',be G),
defines a TS-congruence of a (straightforward checking)
TS G/=H

G –+ G A

We shall write G/7( for the quotient
0

Definition 4.3 A (RS-)congruence of a real semigroup G is an equivalence relation =
satisfying the following requirernents:
(i) = is a congruence of ternary semigroups (4.1).

(ii) There is a ternary relation DcI= in the quotient ternury seTrttyTOUP (G/ =, -, 1, 0, 1) so
that (G/=, -, DcF=,– L, 0, 1) is a real semigroup, and the canonical projection N : G 3 G/ =
is a RS-nrorphism

(iii) (Factoring through T.) For every RS-morphism f : G > H into a real semigroup Ef
such that a = b implies /(a) = /(b) for all a, b e G, there exists a RS-ruurplrism (irecessarily
unique), i : G/= i /7, such that To Tt = f , i.c. the following diagram commutes

Remark 4.4 \nth notatiolr m in 4.2, if a is a RS, we define a ternary relation DGIN
G/}{ as follows: for a, b, cC G,

(tt)A 7(a) e Dc/H(n(D), Ir M) + For all h c H, hCa) e D3(h(b), hCc)).

Ot)viotlsly D G/H is well-defirred arId it can be proved that every RS-congruence of real senli-
groups is obtairred in this way. D

B. Congruences of fans. The main result con(:ernirrg corrgruences of RS-falls is

Proposition 4.5 Let F be a RS-fan and let it be a non-e7rtpty proconstructibLe subset of Xp
which is 3-cLosed (t.e., stabLe under product of any three of its eLerrterlts) . Then the quotient

F/}{ is a RS-fun (and =w is a RS-congruence). E



11

In fact, a RS-congruences of a fan are obtained in the way given by the preceding Prop(b
sition

CoronarY 4.6 Let F be a RS-jan and Let = be a RS-congruence of F, Then i

(a) = = =H for some proconstructibk, 3-closed set TtC XF. Hence,
(b) F/= is a RS-fun.

(C) The correspondence ++ ba =x establishes an inclusion-reversing bqection between procon-
structible 3-closed subsets of Xf -and the set of RS-congruences of F. a

Remark. Quotients of fans have a much stronger property called transuersal 2_regularity..

introduced and studied in [DP4] , Ch. III, S 3, and proved for fans in [DP4), ThIn. VI.11.3. a

C. Quotients modulo ideals. As a last point in this section u'e address the special case of
quotients of RS-fans modulo ideals. Amongst the outstanding cases of congruences of a RS
([DP4], Ch. II, g 3, [Ml, Sg 6.5, 6.6) one considers those determined by saturated prime ideals,

A saturated prime I ideal of a RS, G, cf. 1.6, determines the set of characters A. :=

{h e Xc 1 Z(h) = /}. The congruence =hr induced by Hr will be denoted by a,1, and’ the
corresponding quotient set by G//. 11 in [DP4], Thin. II.3.15, n'e characterize the congruence
Nr and both representation relations of G// solely in terms of the data carried by a. \Ye also
prove that the representation relation DcI 1 induces on the set Gl := (C//) \ {x(0)}, obtained
from G// by omitting zero, the structure of a reduced specIal group. The proof of these results
for arbitrary RSs is rather lengthy; however, in the special case of RS-fans this follows from
Proposition 4.5. Recall (2.9) that the ideals of a RS-fan are automatically prime and saturated

The following Lemma is used in the proof and elsewhere in this paper

Lemma 4.7 Let I be un ideal of a RS-fan F . Then, for a, b e F\1

aN r b ++ az g I (az = bz). a

Proposition 4.8 Let F be a RS-InTL. Let I be a proper ideal of F. Let x = x,
denote the canonical quotient map. Then, F1 = (F/I) \ {rr(0)} is a RS(I-Jan.

F –> F//
0

5 Characterizations of fans

The main result of this section is the following characterization of RS-fans

Theorem 5.1 For a real seTniqToup G, the foILo\ning UTe equivalent
(1) G is a RS-fun,

(2) G satisfIes the foUouring conditions

(i) Va, bcG (a2D2 = a2 or a2b2 = b2)

(Ii) Given 9, h e XG such that Z(g) C Z(h), there is N e Xc such
that Z(h) = Z(h/) and 9 v+ +It

(iii) For every saturated prime ideal 1 of G, the quotient reduced

special gronp tG I, DcI ) is a RSG-fun,

The proof of (2) -+ ( 1) is rather delicate.

Remarks. (a) There are examples satisfying conditions (2,i) and (2.iii) of Theorem 5.1 but
not corrditiorr (2.ii)

11 Qll(>ticnts of this type have been collsidered by Nlarshall in the dual category of abstract real spectra; cf.
[XI], p. 102 and Cor. 6.6.9,
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(b) The real semigroup (ict \\ In;sociated to the ring ((X) of continuous, real-valued functions
on a topological space X satisfies conditions (2.ii) and (2.iii) of Theorem 5.1 but, in general,
not (2.i); cf. [M], 5.2 (6), p. 87. D

The next tu-a corollaries of Theorem 5.1 give stylized (abstract) versions of the notion of a
Lrruiul jun. a btu,ic concept in the theory of (pre-)orders on fields (see [LaI, Prop. 5.3, p. 39)
Their translation in the case of preordered rings is given in Theorem 6.10 below, where it will
be obvious that in the case of fields they boil down to the notion of a trivial fan,

Corollary 5.2 Let G be a real semigroup such that the character space XP is totally ordered
under speciaLization. Then, G is a RS-jan. a

Coronary 5.3 Let G be a real semigroup satisfying the foILowing requirements

(1) Condibon [Z] in 2.1

(2) The character space Xc of (I is the union of two maximal specialization chains, Co, Cl
(3) For every saturated pTime ideal 1 of G anti for + = 0, 1, there is hi e Ci such that Z(hi) = 1
Then, G is a RS-fun. a

Remark. The specialization chains in item (2) may not be disjoint, and the characters ho, b1
in (3) may be identical

Remark 5.4 (Chain length) There is a well-known characterization of fans in the categories
AOS and RSC in terms of chain length, i.e., the size of longest strict inclusion chain of non-
empty subbasic opens ka = 1 ] of XG (a e G)7 cf. [DR’lP] 1.5 (b.2): an AOS is a fan if and only if
its chain length is $ 2, see [ABR] , Prop. 3.11, p. 74, or [M], Thm. 4.2.1 (2), p. 65. This notion
of chain length also makes sense for AFtSs, cf. [M], p. 167. However, this characterization is
no longer valid for ARS-fans or RS-fans; an easy computatiorr shows that the RS-fan F2 in
Example 3. B.(i)? see Figure 4, has chain length 4. The integer 2 ' card (Spec (F)) is an upper
bound on chain !ength of a RS-fan, F, with a finite spectrum (7.1 (b.i)); this is easiIY proved
using Theorem 5.1; see also [NI], Thin. 8.5.3, p. 167. D

6 Fans and preordered rings
A natural question in the context of this paper is that of characterizing those preordered rings

(p-rings){A, T> whose associated RS, CAT, is a RS-fan. At present we are far from being able
to offer a satisfactory answer. So, we only comment on some partial results and examples.

A. Extending to rings the Becker-K6pping definition of a fan. Recall, [LaI, Def. 5.1,
p. 39> that a preor’der T of a field ;( is called a fan iff for every set S 2 T such that –1 g S
and SX = S \ {0} is a subgroup of KX of index 2, S is closed under addition (i.e., S is an order
of F). This is the original definition of fans in fields, due to Becker and K6pping, [BK]; many
equivalent characterizations exist in the field case, cf. [La], Ch. 5.

In B 6 of [DPS] we extend this definition to the world of preordered rings by imposing suitable
reqrrirements on the set S; namely, conditions that embody the notion of a TS-character of the

tern&try semigr'oup GA T. \Ve omit detais but mention the following:

Caron,ny 6.1 Let K be u held and T be a preordeT of K tultich is a fan. Let A be a subring
of K whose held of JTuctions is K . Then, the real semigroup G /\ Tn .4 is a fun. In particuLaR if
A = A, is the ualuutiorb ring of a T-compatibLe unluution u of K , the real semigTOUP G.4,1,T nAH

US a Ion
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B. Total preorders and trivial fans in rings.

Notation 6.2 Let < ,4, T > be a p-ring.

(i) Recall ([BeEt], Def, 4.2.3, p. 87) that an ideal I of ,4 is called T-convex iff for all
t\,t2 c T, tI + t2 e I + t1,t2 e I.
(ii) For a T-convex prime ideal I of A, n,e let

• A, denote the localization of ,4 at I

• A/I = 1' a/ denote the maximal ideal of A/, and

• T1 = T - ( A \ /)–2 denote the preorder induced by :F on A/,

and recall

Fact. T 11 NI 1 is a proper preorder of the field ,4//Ml. D

Definition 6.3 A total preorder in a ring A is a (proper) preorder T such that TU –T = ,4.
a

Fact 6.4 For a total preorder T of a ring a, Tn –T is a proper T-conuer ideal of A. Any
T-conue= idea of A contains :F n –T. D

Remarks 6.5 (i) The ideal T n T may not be prime (see Example 6.6). When it is, the
notion of “total preorder”coincides with “prime cone” , i.e., element of Sper (A)
(ii) When Tn –T = {0} the total preorders are just the total orders of A. a

Example 6.6 Let A := IR[X]/(X2); the elements of A are uniquely representable in the form
aX + b with a, be IR. Clearly, the zero ideal of A is not radical, hence not priine either: X 74 0
but X2 = 0. We define a total (pre)order T in A by the stipulation:

aX + beT iff & > 0 or (b = 0 and a ? 0).
Checking that T is a total (prc)order of A is routine, left to the reader. However, the ideal
T n –T = {0} is not prime. a

We register that total preorders are preserved by localization at, and lifting by convex prime
ideals

Proposition 6.7 let T be a total preordCT of a ring ,4, let 1 be a T -com]el prime ideal of A..
and letT1 = T - LA\\ /)–2 be the pTeorder induced by T on the tocuhzation of A at 1 . Then, T1
is a total preorder of A , . D

Proposition 6.8 Let I be a prime ideal of a ring ,4 and let Q be a total preorcier of Al.
&r : A –> A/ denoting the canonical map a F> : (a e A), we have

(1) T == t/ –1 [Q] is a total preorder of A
(A) T, = (2
(iii) if the maMmal -ideal M1 of A1 is Q-conue z, then I is T-cont/e=.

IVa/l

n

Remark 6.9 Even if Q is a total order of Ar, T may not be a total order of A. In fact,
Tn –T = t/–1[Q n –Q] = b/–1 [0],

which, in general is not {0}. Note that, for = e X,

n e t/–1 [DJ ++ II(r) = 0 (in AI) ++ lag I (zz = 0);
iII particular, z is a zero-divisor. Thus, T is a total order when A is an integral dornain. a
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The foIlowing result exhibits tu'o outstanding examples in which total preorders in a p-ring
give rise to fans in the associated RS

Theorem 6.10 ( i) Let T he a total preoTdet of a ring ,4. Thent the rerrl se7niyr-oup Gar is a
Fun

(ii) Let To, T\ be total preorders of a ring A, and let T = To n Tl. Assume that the set of
:F-coriuer prIme ideals of A is totally ordered under inclusion. Then, the real semigroup GAT
is a Jun. []

Remark 6.11 (i) in case the ring A is a Held, K, a total preorder is just a (total) order of if
Thus, Theorenr 6.10 is a ring-theoretic analog of the \veIl-known fact that the intersection of at
nrost tivo total orders of a field is a fan, namely the trivial fung, cf. [La], Prop. 5.3, p. 39. D

(ii) The following exalnple shows that the requirement in item (ii) of Theorem 6.10 does not
hold automatically. Let .4 = C(IR) be the ring of real-valued continuous functions on the reals
For i = 0, 1, let T, = {/ e 41 /(i) ? 0} and A& = {/ e ,41 /(f) = 0}. The (maxirnal) ideal Afi
is Ti-convex; hence, with T = To nTl, both A/o and M1 are T-convex; however, A/o and N'I \
are incornparable under inclusion. - - - d

7 Involutions of ARS-fans
A. Levels of a ARS-fan

The satlrrated prime ideals of a real semigroup induce a partition of its character space,

TIle pieces are called levels : the level corresponding to a saturated prime ideal I of G is the
set L /(C) of all g e Xc quch that Z(g) = 1; i.e., with the notation of g 4.C, LI(G) = It1
In the case of RS-fans, (proper) ideals automatically prime (1.3) and saturated (2.9)– are
totally ordered under inclusion, a fact that of much help in studying the relationship between
its levels

Notation 7.1 (a) With notatIon as in g 4.C, every character h e Hr induces a map h :
G, > { El} defined by % o Tr = h. The correspondence h b> E is a bijection between the set
L;(C) = HI of /-th levels and the space of orders Xr , of the reduced special group Gl
Thus, we can identify the set L/(G) g Xc with the AOS (xc,I , G /). We shall systematically
use this identification in the seqtlel, and unambiguously refer fo the AOS structure of the set
LI(C). In cnn G is a RS-fan, Proposition 4.8 shows that LI(G) is an AOS-fan.

(b) Let F be a RS-fan. \Ve denote by Spec (F) the set of all (necessarily prime (1.3 (3 )) and
saturated (2.9)) proper ideals of F,

(c) (AOS- and ARS-nrorphisrns; [bl], S 2, pp. 23-24, and B 6, p, 103)
(i) Let (X, G), (Y, H) be ARS’s. A map F : X –> Y is an ARS-morphism iff for all a C H
there is b C G so that a oF = b. Here, for z e G, f : X + 3 denotes the map “evaluation at
=" : 2(a) := a(=), for a c X, and silnilarly for A,
(ii) The definition of aIr AOS-morphism is sirlrilar, with (X, G), (Y, H) AOS’s, and the eval-
uiltion maps taking values in {tl}. n

Clearly, if f 1 G > IT is a RS-morplrism (resp. RS(]-morplrism), the dual map Iq
X// > Xa defined by /*(7) ;= 1 of for I e X // , is an ARS-morphism (resp., AOS-morphis in).

Proposition 7.2 Let F be a RS-fun and let 1 CJ be ideals of F. With notation as in 7.1,

(1) The rule aji b+ ajI La e F\, J) deRne s u homomorptasm of special groups b II : Fy \ F1

(2) The niajl Kly = L 1(F) –> Ly(F) assigning to each g e L rtF) th8 un,t,glue eLement h e L y(F)
SIIt’It that g ~d }t is an AOS-morphisTn. Q
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B. Involutions of ARS-fans

We introduce now a class of involutions of RS-fans that \viII have a crucial role in analyzing
their fine structure and that of their spaces of characters.

Definition 7.3 (Involutions) Let F be a RS-fan, let gl, q2 c Xr, and fix 1 e Spec(F) so that
Z(91), Z(g2) g I. We define a map tP?\'g2 : L KF) –> L/(F) as follows: for h c L/(F)

9j'"'khl = hg,g,- a

j:: :: i t iI:n : 3 :v : i ][][]:y (u=u = r1 ((; 1 :=1 g(b 2 re have Z ( h g 1 g 2 ) = / ) when ceh gIg 2 el / PII
Theorem 7.4 Wii/& notation as in DefInition 1.3, ue halle

(a) Pgl’92 is an AOS-uutomorphisTIL of L1

(b) CPjl’92 is an £r&uoiut£orz; for h e L 1, VI\’g2tp{\'nthIb = h
N For i = 1, 2, let hi be the unique v+ -successor of gi in LI, Then, P/I'g2 (b1 ) = h2
In particular,

(d) if gI, 92, /rave u common v' - upper bound h at some Level ! : Z(gl ), Z(%), then h
Fled point of 9?\'g2

(e) Let J ET be in Spec(F) . Assume Z(9D, Z(92) CJ , and let hI e Ly, h2 eL1. Then,
h, ~'+ h, + [P3"”(h,) w 'Pj"" th,)

Use of these involutions yields a number of regularity results concerning the order structure
of ARS-fans. These are based on analyzing the way these involutions move certain sets of
characters, naInely:

Notation 7.5 For J g 1 in Spec(F) we define the sets

sI = { h c L1 1 3g c Xr (g-+ h A z(q) = J)}

C J = { h c L/ I lg e Xr (g -} h A z(q) = J ) A vg/ c XFQg' f -} h + Jg z(g’))}

That is, 8l1 consists of those elements of huel 1 hauing predecessors of level J or lower in

the specialization partial order; CT is the set Of elements in Lr having predecessors at level J
but not lower. - a

Corollary 7.6 Let F be a RS-fan , and ict Jg 1 be in. Spec(F). The set S{ is an AOS-Fm

ind„d. it i, , ,ub-f„„ ,f LILF) , ,.h,n th, I,tt,„ i, „,d,„„d „,itt, it, ,tr„,tu„ ,i AOS-f,„,, ,S
iTUlicutea in 7,1. MoTe generaILy, if FE LjtF) is un AOS-fan, the set SI(F) = { h e LI\
lg c IF Lgv+ /I)} is an AOs-srLbfnn o/ L/(F). D

Proposition 7.7 Let F be a RS-jan. For JC J, g J, C / h Spec(F), and h e S{ set

BJi,i'(/,) = { q e Sl 1 g-. /, }, ,md AJI' J2 (/,) = {# C Of 1 g-+ h }
Then

(a) For hI, /12 e SJ , we have card (BJI'J2 (h1)) = card (BJl’J2(h2))

(b) For /11, /12 e C; , we hatre card (AJ1'J2 (hl)) = card (AJl’J2 (b2))

(c) For gp 92 e XF such that z(%) = J b = 1, 2), the map Pjl'g2 is a permutation of sl
and Of C J. D

Remark. The assulnptions of the Proposition guaraut€'c that the sets BJL'J'= (h) are non-empty

The sets AJI'J2 ttl) may be empty for some choices of h and tIle J :s. Howevor, if h e Of and
J, = ,J, \vc have AJI';2 (h) 74 a. ' n
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C. Connected components of ARS-fans. For a RS-fan, F, and h c Xr, we denote by Ph
= { ge Xr gp, h } the root-system of predecessors of h under specialization

Recall

Definition 7.8 Let (X. 3 ) be a root-system 12, and let gl, 92 e X. Define;

gl =c q2 iff q1 , q2 have a common 3 - upper bound,
=r: is an equivalence relation; its classes are called connected components of (X, 3 ). D

Note. If (X, F) is an ARS-fan, the connected components of X are precisely the sets of the
form Pn, where q is a u+ -miLlim ttl element of X, i.e,, an element such that Z(g) is the (unique)
m&\im iII ideal of F. D

Proposition 7.9 (1) Ph is an ARS-jun
In particular,

(2) Any connected component of a.n ARs-fan is an ARS-fan.

Furtlrer, we have

\Ve register

a

Theorem 7.10 Let F be a RS-fun and let JC 1 be in Spec(F). Let hI C CJ, h.2 C SJ. FoT
i = 1, 2, un unite Pj for Ph ., Then,

(1) There is an ARS-crnbedding P of P\ into P2. Further, P[n] = { u €P2 lig Z(a) }. In
particular, p is an order-embedding of (PI, M' ) into (p2, v})

(2) II in addition, h2 C CI , then P is an isomorphism of ARSs. n
Proposition 7.7 and Theorem 7.10 provide sigIrificant information on the structure of the

conIle(:ted c'onrporrerrts of ARS-falls; see Definition 7.8

Remark. Since every connected component of an ARS-fan is itself an ARS-fan, 7.9 (2), the
zero-sets of its elements attain a lou'est level, which can be explicitly determined, cf. Proposition
7.11 below. Hon'ever, different components may have different lowest levels, see Corollary 7.13,

FI

Notation. The sets Z,, ${ and Of defined in 7.1 and 7.5 relativize in an obvious way to the
connected components of ; fan (X', F); if K is such a component and JC T are in Spec(F) we
set

LI(K) = L1 n K, Sf ( K) = 4 n K, and Cf (K) = CJ n K,
Note that some (or all) of these sets may be empty, depending on /, J and the component if
LI( A’) + a just means that f( “teaches at least” the f-th level of X (possibly lo\ver). D
Proposition 7.11 Let K be a connected component of an ARS-fun (X, F). Let /Za be the v' -
top eLement of K , and Let T = hil[1] . Then, the lowest Level of K (i.e., the smallest ideal I of
F such that L ,(K) + O) is 1 = t n –F, luhere F is the saturated subsemigroup of F generated
by Id(F) ' T, D

Proposition 7.7 implies:

Corollary 7.12 Let (X, F) be an A Rb'-/am and let. K 1 , K 2 be connected contponenl.s of (X, F) .
Then

(1) Let E c Spec(F),- if LltK f + O for £ = 1, 2, then card (Er(A1)) = card (L/(A2))

(2) Let ,J C J’ he in Spec(F), and assume q(Ki) + 0 (f = 1, 2). Then, card (SJ'(Al)) =

card (sf’ (A2)) . n

12 1.e., a partially ordered set such ttlat the set of successors of every element is totally ordered
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Theorem 7.10 gives

Corollary 7.13 Let KI , KI be connected components of the ARS-yun (XI F) . Let /1 \ in e
Spec(F) be the Lowest levels -of K \, KT resp. kcl. 7.11 ). Then1 ' '
(1) if l2£ II, then Kl endowed with the specialization order is ( order-) isomorphic to the
root-system obtained by deleting all levels I c 1, in K,

(2) if /1 = /2, then Kl , K2 are order-isomorphic. a

7.14 Some impossible configurations.

The preceding results show that there are strong constraints on the order structure of ARS-
fans, especially when there is more than one connected component. We include a few examples
to help the reader visualize the extent of those restrictions,
(1) A configuration like

/\
•

/ \ / *\•

K\

/ *\ / -\ / \ / \
••

contradicts Corollary 7.12 (1).

(2) The four-component configuration
KI

•

/

K 4

/\
• •

/\
•

/

A'•
/\

• •

\

\

•

• •

/ \ / \
• •• •

(where the components pairwise verify the conclusion of 7.12 (2)) is also impossible; card (543)

= 3 is not a power of 2, and hence SP (shown with arrows) cannot be an AOS-fan (see Corollary

7.6). However, the same confiwration with K3 replaced by another copy of J(4 does not clash
with either 7.12 or 7.13

Note. Our notation here (and below) follows the standard convention for finite fans. ThIS, SI
stands for the set S {3 , see 7.5 and 8.1

(3) The two-component root-system

1

2

3

4

/\
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K,

1

./
• -• 2

3

4

5

contradicts both Corollary 7.12 (2) (card (S ;(Al)) = 4, but card (SI(/(2)) = 2) and Corollary
7.13 (K\ and K2 have the same “length” but are not order-isomorphic). D

8 The specialization root-system of finite ARS-fans

III this section we nrostly deal with finite fans in tIle categories ARS arId RS. Our main result
is Theorem 8.2 –the isomorphisIn theorem for finite ARS-fans– which proves that, in this
case, the order of specialization alone determines the isonrorI)hisnr type. The proof depends on
the notioIr of a “standard generating systeIn” which we introduce in 8.4. a

8.1 Reminder. Recall that the AC)Ss have a combinatorial geometric (matroid) structure; it
was introduccd in [Dll and [D2} for spaces of orders of fields, and later generalized to abstract
order spaces in [Li]. In general, ARSs do not possess such a structure. Thus, combinatorial
geometric notions such as dependent set , independent set , basis, closed set , closure, diTrtension,
etc., will always refer to the above-mentioned corrrbinatorial geometric structure, and apply only
to AOSs. For the definition and the mutual relationships, in the general context of matroid
theory, of COIrlbinatorial notions such mi those just mentioned, the reader is referred to [Wh}

Since the combinatorial geometric structure of any AOS is isomorphic to that of a set of
vectors in a (possibly infinite-dimensional) vector space over the twaelement field IF, with
the structure induced by linear dependence (cf. [Dl], Thin. 3.1, p. 618), the notions above
coincide with the corresponding notions over vector spaces. For example, a subset Ag X of an
AOS (X, G, –1) (G a group of exponent 2) is dependent iff there are pairwise distinct elements

g, gI, . . . , gr e A (r ? 2), such that g = gl ' . . . ' gr (as characters of C). Since functions in X
send –1 to –1, this functional identity can only hold if r is odd. Likewise, A is closed iff the
product of any odd rnIInber of members of a belongs to A. D
Warning. In this section the words closed set and closure are used orlly in the combinatorial
geometric sense just defined. D

Theorem 8.2 (Tlro isonlorplrisnr theoren! for finite ARS-fans.)

Let (XI, F\ ) , (x2, FD be Pnite ARS-fans and Let it , T+ denote their respectiue specinhzution
orders. If (X1 , T) and (X2, ?) UTe ordeT-isomoTphic, then X1 antI X2 ure isomorphic ARSs

The nIttin ingredieIrts of the proof are

a

The mairr result in this sectiorr is

Proposition 8.3 (Choice of basis). Let (x, F) he a fInite ARS-fun; Jet 1 s k < n = g(x). Let
g be an nTbttrury AOS-mbJan of Lt+1 = Lh+1 (X) . Let F = kh e Lk\ Tt teTe is 9 e g such
that 9 ++ h) } be the AOS-fun consisting of the depth-k successors of eLements of g (c/. 7.6)
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Assume

(+) Vb, h’ C F, card ({g e gIg-} h}) = card ({g C gIg-} h’})
Let B = {b1, . . . , hr} be a basis of F (as an ,40S), and let C be a basis of the AOS-fan
{g C gIg v' /11}. For f = 2, . . . , r, let gi C g be such thut gi -} hi.

Then, c u {92, . . . , gr} is a basis of g. a

8.4 Standard generating systems.

For any fInite ARS-fan, (X, F), by induction on k, 1 g k $ n = Z(X), Ive construct a class
of bases Bb of the AOS-fan Lb(X). Each basis Bk will be required to satisfy the additional
condition

(+) For k S J $ n, Bk n sf is a basis of the AOS-fan St.

This additional requirement guarantees that the inductive construction of the 6 ,’s does not
get interrupted before the n-th (and last) step. The construction uses Proposition'-8.3 and the
results from B7 above. The set B = UE=1 Bh is called a standard generating system for
(XI F) a
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Constructions in the Category of Real Semigroups: A
Summary of Results

M. Dickmann F. Miraglia

February, 2016

A. Petrovich

\Ve present here a summary of results, together with some of the pertinent background, of
certain constructions in the category of Real Semigroups (RS). Proofs will appear elsewhere.

1 Real Semigroups. Duality
Definition 1.1
r e S:

A ternary semigroup (TS) is a structure S = { S, 1, 0, – 1, ' >, such that V

[TSI] S is a commutative semigroup with unit 1;
[TS2] zs = z;
[TS3] – 1 /1 and (– 1 )(– 1 ) = 1;
[TS4] z ' 0 = 0;

[TS5] z = (– 1 ) ' n + r = 0
Write –r for (– 1 )

Definition 1.2 A real semigroup (RS) is a terrbury semigTOup G, together with a ternaru
relation D on (3, to be urritten cz e D(b, c), called binary representation, tmd IIlith transversal
binary representation, Dc, deRned by

[t-rep] a e Dt (b, c) + a e D(b, c) and – a e D(–cl,c) and –c e D(b, – cD ,

satisfying, for aLI a, b, d, e e G

[RS0] ce D (a, b) ++ c C D(b, a),'

[RS 1] a e D(CI , b) ,
[RS 2] a C D(b, c) + ucl e D(db, dc),

[RS 31 (Strong tunociativity) a e DjD, c) and c C DJ(d, e) + I r e D}V), d) s.t.

a e Dcc.(z, e){

[RS 4] ee D(dan, cFb) + e e DCa, b) ,

[RS 5] ad = bd, ae = be and c e D(d, e) –>

[RS 6] ce DCa, b) + ce Dt(c2a, c2&);

RS 7] (Reduction) DC(a, –b) n D 1 (b, –a) + O
RS 8] ae D(b, c) + a2 c D(bz , c2)

ac = bc;

+ a = b

1



IfC is a RS, GX := {a c G‘ a2 = 1} is the multiplicative group of units of a

by
Representation and t-represerrtation are extended, by irr(iuction, to forms of dimension n ? 3

If P = < al , a„ > is a form over a RS (7, and r e G,

Similarly, for DJ(P)

r e Dc,(Q*,

ze DJ(F) ++

+> 1 t& C Dc.(al.

I n e D}luI.
I an ) S'

a„) s. t
t. a C Dc,(u\. a)

z e DJ(al U)

Example 1.3 a) The TS 3 = {1, 0, –1} IIds a unique structure of RS, with representation and
t-representatiolr determined by the axioms for RS. For instance,

D3(0, 1) = Ds(1, 1) = {0, 1} and Df (0 , 1) = DftI. 1) = {1}
b) Let K be a reduced special group (RSG) and let A’* = if U {0} (0 g K); define
for all ; e I<* . Then, A’* is a TS. Extend the binary representation of if to I<- by

{

{a, b} if a = 0 or b = 0
Dh(II, b) U {0} if a, beG

TheIr, I<* is a RS, and representation and t-representatiorr in A* coincide on bit
with entries in K . There is also a converse: cf, Car. 1.2.6, [DP2]

Dx'(a3 b) =

1.4 RS-morphisms. a) if G, H are RSs, a map F : G –> H, is a RS-morphism if it is
scrrIigroup morphiFsm, preserving 0, 1, – 1 , and representation, i.e.,

[mor] a e DGQbi c) + /(a) e DH UCb)I /Cc))

\\e register that in [mor], Dc may be replaced by q. Moreover, if P = ( al, . . . , a„ > is a
form over G, z e G and G 4 is an RS-lnorphism, then

r e Dc(P) implies /(r) e D Htf t V),
where I t P = < f Call 1- - - 7 /(an) >

b) if P = { a1, . . . , a„ >, $ = < b1, . . . , bn, > are forms over a RS, G, n’rite P B @ iff for all a e Xc,

EE=1 a(ak) = =’:1 a(bi) (sum in Z)

c) A RS-Inorplrism, j G –> H, is a complete embedding if for all forms P, @ over G,
P = + + f t LP = ft lb

It is straightforward that any complete embedding is injective,

d) A RS morplrisIn, f : a > H , is a pure embedding if it reflects all positive existential
formulas in the first-order language \nth equdlity of RSs, cRS = ( ., 0, 1– 1 , D >, u'here D stand
for the represeIrtation relation. Every pure embedding is injective and, in fact, a complete
embedding. •

1.5 The Space of RS-characters of an RS. If G is a RS, Xa is the set of RS-Inorphisms
from G to 3, called the space of RS..characters of G

a) Important Properties of Xa

e & separates points in C; in particular, Xc / g.

• (Separation) For all a, b, c e C, a e Dab, c) ++ VaC Xc, aCa) e D3(a(b), aCa)), with
a similar equivalence Irolding with DJ in place of Dc,
• TIle existence of tIle Post and Spectral hlrlls of G, whose de6rrition and 1)a,sic properties are
can be found in Chapters IV and V of [DP2]
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b) Topologies on Xc,: (1) Recall that a & topological space, Y, carries a partial order, special-
ization, defined for 7, y e Y, by

ZUtH iff gC {r}

Y is a root system if for all r e Y, {y e Y = z n} y} is linearly ordered by specialization,

(2) For ge G and JC 3, define [g = J I = {a e Xc, : a(g) = j}. The family

{[a = 1] g Xc : a C (;}
is a sub-basis of a root system spectral topology on Xc,. The associated constructible topology
has as basis of clopens

{[z = 0 i n nz=1 jak = 1] : n = 0 and z, al, . . . , a„ e G.}
It can be shown that just one set of the form [z = 01 suffices.

(3) An RS-morphism, I : G –> X , induces a spectral map, f ' : xH –> Xc, given by
r e xH b> (r o /) C Xc. •

1.6 Duality and Isomorphism. We have the following important results:

• By Theorem 4.1 in [DPl] (cf. also Theorem 1.5.1, [DP2]), the category RS is isomorphic
to ARSOP, where ARS is the category of abstract real spectra in the sense of M. Marshall (cf.
[M])

• Nlarshall sho\vs in [hI] that the category ARS is isomorphic to that of spaces of signs, as
defined by L. Backer (cf. [ABR])

Remark that the category RS is Horn-geometrically axiomatizable, while ARS and that of
Spaces of Signs are not. Clearly, the strong (luality and isomorphism results stated above provide
a means to transfer statements from one category to any of the others. •

1.7 The Post and Spectral Hulls of a RS. Let G be a RS.

(1) By Theorem IV.4.2 of [DP2], G has a Post hull, Pc, a Post algebra of order 3, consisting of
all continuous maps from Xc, to 3; here, Xc Iras the constructible topology and 3, the discrete
topology. We have a complete embedding,

ep ; C –> Pa, given by g +> cus = a(g),

i.e., eu,7 is the evaluation map at a e Xc,

Clearly, the construction of Pc, depends on the knowledge of the constructible topology of
xG. Interesting properties of representation and of morphisms are obtained through the Post
hull construction. As exaInples, we mention (Theorem IV.4.5 in [DP2])

e A SG-morphism, G / > H, is a complete embedding iff for every P6ster form ? over G and
a e G, fLa) e DHLf t P) + ae Dc(B
• Any pure SG-ernbc(Iding is a complete embedding.

Example. Let li be a RS. There is a unique RS-morphisIn, L H : 3 > H, taking 1, 0, – 1 to
1, 0, – 1 in Fl. For any a e Xc, n’e have a o tII = 1 d3 and so 3 is a retract of H. In particular,
LII is a pure SG-clnbcddirrg and hence a cornplete embedding. O

EInploying tIle Post hull, tlris example can be considerably generalized: any injective SG-
morplrism from a Post algebra of order 3 to a RS is pure (n'hence, complete)

(11) EII(lolv 3 with the spectral topology, wherein the only opens are a, {1}, {– 1 } and 3. Let
Sp(Xa) be the set of all spectral rrlaps horn Xc to 3. Then, Sp(Xc) is a RS and there is a
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complete enrbcdc.ling, oc : (; > sp(xb), with the properties of a hull, called the spectral
hull of G. It is introduced in [DP3] (see also Chapter V in [DP2]), wherein its properties are
discussed and developed

The point to be made here is the following: in irltroducing a new construction in the
category RS, it is irrrport,ant to achieve some understanding – characterize if possible –, the
space of RS-characters of that construction, to make available the resources coming from its Post
and Spectral hrrlls. •

1.8 The RS associated to a p-ring. A p-ring, ( X, T >, is pair where A is a commutative
unitary ring (1 74 0) and T is a proper preorder of A

Let Sper( A, F) be the real spectrum of < A, T > it is a root system spectral space when
endowed with the topology having tu a sub-basis the Harrison sets

H(al, . . , , a„) = {a e Sper(,4, T) : ak e a \ (–a), n ? I, r11, . . . , a„ e /4}

For to e A, set Z(to) = {a e Sper(A, T) : u e supp(a)}, n'here supp(a) = a n (–a), a
T-convex prime ideal of A

Each a e A gives rise to a spectral nltip, dr : Sper( A, T) 1 3 = {–1, 0, 1}, given by

( 1 if ae a \ –a;
= 1 0 if „ C ,„pp(„) = „ n –a;

I –1 if a e –a \ n.

If T is clear froIrl context, write a for al,
Let GA.T = {dr : a e /1}. With the product induced by A, G A.T is a TS with identity 1

and distinguished ulements 0 and –1 (the corresponding constant-valued maps)

Define Do, r (representation) by

aT(a)

for a, b, c e X,

++ I t, tl, t2 e T, s.t. m = a and
The corresponding t-rcpresentatioIr is given by

a C D[, r( h, e) ++ 3 a’, b’, c’ e ,4 s.t. d = a, B = F, E = ?
\Vith these representation relations,

• GA,T is a RS;

• Xc, , r is the spectral space Spc:rCA, T)

a e Dc„ TCb, E) ta = t lb + t.ic.

and d = B + d

•

In the present setting, the fOllOwiIrg result, due to N'I. N'Iarshall, is inrportant:

Theorem 1.9 (Cor. 5.4.3 in [I1]) Let ( ,4, T > be a p-ring. For a, b e ,4
V= bT if there are s, teT and kB 0 so that sab = (az + b2)k + t •

\Ve now describe a natural functor, G, from the category of p-rings, p-Rings, to the category
of RSs, RS

If { X, T > / > { /4’, T1 > is a p-ring nlorphism, define

G(/) : G ,\,T –> GXf ,IT, gIven by M by J (CL)TI

Ernplo)-ing Tlrcurcm 1.9, one sho\vs that G(/) is a well-defined RS-morphism

[ < Air ) po Ca/
I (x,r> 1, <,4’,r’> 1 , G„,, gU c,,,,,,

yield a covariant fllnctor, G, from p-Rings to RS

The maps
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2 A Summary of Results

2.1 Real Semigroups of Continuous Functions

Let Z be a topological space and let I< be a real semigroup. Endow I< with the discrete topology
(all points are open). Let

C(Z, K) {g Z \K g is continuous}

called the Boolean power of A- by Z. C(Z, K) has a natural structure of TS, under pointwise
product and constants 0, 1, – 1 given by the corresponding constant-valued functions,

For f , g, h C C(Z, K), define representation and t-representation in C(Z, K) by

je Dz,K (gl b) ++ V z e 71 /(z) e DK(g(z)1 /z(z));

je DL„Qglt'b ++ V z eZ, Itz) c I);(g(;), h(z)).

With notation as above, we have

Theorem 2.1 Let Z be a topological space and let K be a RS.

a) G .'= C(Z, K) is a RS.

D) if Z is a BooLean space, the map ] : Zx xN –+ Xc, gh}en by

( z, r > 1 } I(z, r) := 7 o eu„

is a homeomorphism of spectral spaces, where ev, is the evaluation at z e Z . •

Remark: For any compact Z, Xa is spectrally homeomorphic to S(B(Z)) x Xx, where
S( B(Zn is the Stone space of the BA of cIc)pens in Z.

The preceding result yields

Coronary 2.2 Let GI, . . . ,G„ be RSs and let G be their product. The map

77 ; O:=, xG, i xG, de$n'd by 77(<,Ii>)(<gIl. . . ign >) = ,(gi)I
is a homeomorphism of spectral spaces, where Q==1 Xc, is the topological sum of the Xc.1 •

The situation of arbitrary products is considerably more complicated; we shall have some-
thing to say about it below

2.2 Inductive Limits

As remarked in 1.5.(3), a SG-morphism, if I} G, yields a spectral map, f ' : Xc. –> X11 .
given by /*(a) = no f

Let ( /, S > be a right-directed poset and let

S = < Gi; {Gi JuI Gj ; iS je /} >
be an inductive system of RSs over /, i.e., fu = 1 dct and for i g J g k, rik = jjk o fil
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Theorem 2.3 }{/itA notatIon as aboue,

a) The inductiue limit of S exists in RS, Let ( C; {/i : C;, I G} ) = tim S.
b) if for an i Sj , fu is a complete embedding, then each fi is a complete embedding, i e 1

c) if for all i S j , fu is a pure embedding, then each Ii is a pure embedding, i e I.
d) 8 gives rise to a projective system of spectral root systems and spectral maps

kS) = {Xc,; {Xc, b Xa, ; i $ ic /} >.

Then, X(, is hOTneomorphic, as a spectral space, to the projective limit of the system kS) . •

2.3 RS-sums

The category of RSs, in general, does not have coproducts because this is the case for the category
of reduced special groups (cf. Definition 5.27, p. 93ff, in [DR'Ill). In this section we show that
there is a construction, the RS-.sum, coIning as close as it seems possible to a coproduct in the
category RS

As in the cage of special grc)IIPS, if a, H are RSs, there is no canonical way to (leflne a
RS-morphism from G to G x H. It is an entirely different matter if we add a component 3

Let 1 be a non-empty set and let Gi, I C /, be RSs. Let G
endowed with tIre natural coordinate-wise product structure,

11,c/ Gi be their product,

For each proper subset ./ of /, let

GB ([L,. G,-) x 3,

\Vrite < s, d > for an element of C}, where s e F-[JC/ Gj and d e 3. Then,
a) if J $ / there is a pure crrLbeddhLg.

LJ

given by the product of the identity on FIJ€/ G] and the unique pure embedding of 3 into
FIIE/ Gi

Gb, > G

L'tS. d) (f) { 'L'’
if i C J ;

if i g J.
b) Similarly, if b + 1< E ./ 9 1.. n'e get a pure embedding, tx/ : Gk > G.}, the product of the
identity map on 1]tEX Gk with the unique pure enrbedding of 3 into I-Tje(,/\x) (b x 3

b tl<K = IdG,k',

• For 1< g . J S I, tIle cliagrarn (1) commutcs

Note that :
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GF( L FIibbp J p (J11 ) GK L1 1E1p J P (JIv 3

GB,

• For Q + K g J C J’ g /, LKj, = ty/ o t/t/, i.e., diagram (I1) commutes

Definition 2.4 Let 1 + a be a set and let Gi, i C 1, be RSs, DeBne

3 bnite F g 1 , such that for aLI j g F
s(J) is constant and belongs to 3}

{s e FIIer at },
endowed with the representation relations induced by [lie/ Gi and with 0, 1 and – 1
corresponding coIlstan,t-vat'ue(I I -sequences.

being the

Clearly, if I is finite, then Oie/ Gi = 1-1£€/ Gi

Theorem 2.5 Let I be an infInite set and let Gi, I e I, he RSs

a) Let a(1) be the po set (under inclusion) of non-empty plate subsets of 1. Let

s .-= {(Gj; t,,, > ; O / F g F’ e :(/)}
be the inductive system of pure embeddings OIler J(/) (as above) . Then, Oie/ Gi = hm S
b) Ole/ Gi is a RS and its canonical embedding into [Tie/ Gi is pure
c) Let Gb == Otc/ Gi. Then, Xc., is spectratty homeoTrborphic to the pro5ectiue liTiat of the
sly,':it;eIn

lb = (XG}; {XaE.r b; Xa i .' F g F’ in a(7)}>,
where the connecting maps t},r, are all surjective. •

2.4 The space of RS-characters of Products

\\c start by recalling the notions of ideal, rnultiplicative set. , saturated aIld transversally saturated
sets in a real senligroup.

Definition 2.6 Let if be a RS and S ae a subset of S

a) S is m ideal in H , if for aLL = e S and a eH , we have an e S ,
b) S is multiplicative if it is closed under products.

c) S is transversally s,rturdted (t-saturated) if for all ae if and s, t e S, a e DJ(s, t)
impLies a eS . Similarly one tie hues saturated, replacing Db by Dc,

\\’e can now, state

Theorem 2.7 Let H be cr real $emigroup. If I is a saturated ideal of (I and T is a rmtltiplicative
t-saturated set in H , containing 1 and disjoint from 1 , there is a RS-character a e xH such that
aF / = 0 fInd a FT = 1, •

7



Let {G'x : A e A} be a non-empty family of real scmigroups ,Ind let G = F]xgA Gx be their
product. \\'rite tID, 1 and –1 for the eleInents of (I whose entries are all eqlral to o, 1, – 1
respectively. Endow G' with the product RS-structure, i.e., the constants are o, 1, –1, product
is defined coordinatewise, and for a = < al >, b = < bx ), c = ( ex > ill (;, set

ae Dc.Lb. c) +, for all Ac A, ax e Dc,,(bb, cx),

with an analogous relation holding for trans\'’crsal representation in G. The canonical coordinate
projections, nA: (; > GA, A e A, are then SG-morphisrns.

For A e A, the projection ax : C > Gx induces a spectral embedding (cf. 1.5.(3)), al
xG\ > xG, given by z:(a) = a o Tx. The image of Xc x by xi in Xc will be written xA. If
a e Xc„ , then aka) is the SG-character of a satisfying,

xiI For all ae G, rr:(a)(a) = a(aa).

Clearly, if A 74 A' in A, then Xx n ;tv = O 1. Hence, the disjoint union, LIar/\ Xx, is a subset of
xG

\\Tjth notation as above, we lravc

Theorem 2.8 L[xef\ Xx is rtertse in Xc, erLdotued uliLh iLs cortsLrucLib le topology. •

Let aA be tIle Stone-CecIl cornpactification of the discrete space A

Proposition 2.9 Let G = 1-1mA Gx
a) Each T e Xc, gives rise to an ultraFiter U(r) on A

b) The map U : Xc –+ ON, given by T ++ tILTb is a spectral skr3ectioTr.

c) if Xc, is en(to Ive(I u)ah Us coTtstructibte topology, ttbe7t there is coTrtinuous s
that tX a s = IdBr\, i,e., Dh is a retract of X(..

61\ A xG so
•

2.5 The Functor from p-Rings to RS

Recall that a p-ring, < R, P >, is a bounded inversion ring (BIR) if the multiplicative set
1 + P is contained ill nx , the multiplicative group of units of R. In [Dh12] we show that the
RS associated to a p-ring < A, T > (cf, 1.8 above), is isomorphic to the RS of a BIR canonica11y

associated to < A, T >. Complementing these results, \ve have, with notation as 1.8:

Theorem 2.10 The frLrLCLor G from p-Rings to RS prcseTUCS fInite products and lrrbiLrarl{
fLILc7Cd cuL-trIat.s. •

In general, G does TtOL preserve infinite products, if R := C([0,1]) is the ring of continuous
real valued functions on the real unit interval, partially ordered by squares, it can be shown that
G(R’) is not isolnorplric to aCR)w

1 if z = 1 [ {X} , then r(.r) = 1 for all r e Xx, while r’( r) = 0, for all r’ ill X xf
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WITT EQUIVALENCE OF FUNCTION FIELDS OVER GLOBAL
FIELDS

ABSTRACT. Witt equivalent fields can be understood to be fields having the
same symrnetric bilinear form theory. Witt equivalence of finite fields, local
fields and global fields is well understood. Witt equivalence of function fields
of curves defined over archimedean local fIelds is also well understood. In the
present note we communicate our recent results, where Witt equivalence of
general function fields over global fields is studied. For any two such fields
K, I, any Witt equivalence K h, L induces a cannonical bijection u ++ w
between Abhyankar valuations u on K having residue field not finite of char.
acteristic 2 and Abhyankar valuations w on L having residue field not finite of
characteristic 2. The main tool used in the proof is a method for constructing
valuations due to Aragon, Elman and Jacob [1]. The method of proof does
not extend to non- Abhyankar valuations. The result is applied to study Witt
equivalence of function fields over number fields. For example, if h, Z are num-
ber fields and k(£r , . . . , #„ ) N, f(al, . . . , an), n ? 1, then k h' g and the 2-ranks
of the ideal class groups of h and / are equal. The proofs are omitted

PA\VEL GLADKI AND N IURRAY NIARSH ALL

Let K be a field. Denote by VF(K ) the Witt ring of (non-degenerate) symmetric
bihnear forms over K; see [271, [29] or [48] for the definition in case char(K> # 2
and [19], [20] or [33] for the de6nitiou in the general case. Denote by Q(K) the
quadratic hyperfield of K ; roughly speaking this is the same thing as the quadratic
form scheme of A' [26] [27]; see Section 3 for the definition. We say two fields K, I
are +vat equiualenl, denoted if N b, if Q(K) = Q(L) as hyper6elds, equivalently,
iF LY(K ) = IV(1) as rings; see Proposition 3.2 below. Witt equivalent fields can be
understood as fields having the same symmetric bilinear form theory

\Vitt equivalence of finite fields and local fields is well understood. \Vitt equiv-
alence of global fields is considered in [5], [36], [42], [43}, m. witt equivalence of
function 6elds of curves de6ned over local and global fields is considered in [13)
[21], [22]. (Note, however, that there is a serious error in the proof of Theorem 1.3
in [21], in the proof of (1.3.1) + (1.3.2).)

It is well-known that any hyperfield isomorphism a : Q(K) a Q(L) carries
orderings of K to orderings of Z in the sense that if P g K* is the positive cone of
an ordering of A’ then

1. INTRODUCTION

Q = {s c L* : 3 = a(i) for some t c P}

2000 Alathernahcs Subject Classification. Primary IIE:81, 12J20 Secondary IIE;04, lIE12.
KeN uorrLs and phr&ses. symmetric bilinear forms, quadratic forms, Witt equivalence of fields

function fields, global fields, valuations, Abhy&nkar valuations,
The research of the second author \vas supported in part by NSERC of Canada.
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is the positive cone of an ordering of E. Here, E derrotes the image of z under the
canonical map I< ' o /\’*//\-*2. This correspondence can also be deduced from the
fact that orderirrgs ou K correspond to ring homonrorphisms from iT-(K) to Z.

It is natural to \yonder if a similar result holds for valuations, i.e.. if the valuations
t)f a Held I< can be detected by looking at the quadratic hyper6eld Q(K). At this
level of generality the result is false. E.g., C '\ F2 and C((n)) N, IFs. In each of these
examples. the first field has lots of non-trivial valuations, but the second field has
only the trivial valuation. At the same time. there is a detection procedure which
\yorks for certain sorts of fields. E.g., if A’, E are global 6elds of characteristic + 2
then any hyper6eld isomorphism a : Q(K) d Q (L) induces in a carrnorrica1 way a
bijection u e> to between valuations u of if and \’aluations tu of L; see [5]. [36], [42]
[43]. [44]. The main tool for setting up this bijection is a method of constructing
valuations described in [1]. which is b,bed, in turn, on earlier constructions, of d
similar sort, described in [15] and [46]

In the present paper we extend the above-mentioned result for global fields,
proving that if A’, L are function fields over global fields then any hyperfield iso-
nlorphism a : Q(K) a C?(L) induces in a canonical way a bijection u ++ to between
Abhyankar valuations u of K having residue field not finite of characteristic 2 and
Ablryankar valuatiorrs UI of L having residue field not Elite of characteristic 2; see

Our results are applied to study \Vitt equivalence of function fields over nurnbcr
fields; see Corollary 8.2, Theorem 8.6 and Corollary 8.8. It is proved, for example,
that if k( rr , . . . , r„) N f(;c1, . . . , Zn), n'here n = 1 and k and f are number fields
then A N' f and the 2-ranks of the ideal class groups of A and ? are equal

In Sections 2 and 3 we recall basic terminology which is used throughout the
paper. In Section 4 we establish basic connections between quadratic hypcrfields
and valuations. In Section 5 Ive apply the result in [1] to understand the behavior
of valuations under \Vitt equivalence; see Theorem 5.3. In Section 6 we recall
the terminology of function fields, global fields and Abhyankar valuations, and we
introdrrce the idea of nominal transcendence degree

The main new results in the paper are found in Sections 5,7 and 8
The authors would like to express their thanks to the annonymous referee for his

careful reading and useful improvements that made the presentation more compre-
Irensible.

FI 7,5

A hyper6eld is an object like a field, but where the addition is allowed to be
nnntivalued. Hyperfields \vere introduced by Krasner [23], [241, in connection with
his work on valuations. Hyper6elds \vere also introduced independently in [31]
where they were called multifields.

A huperBcld is a system (H . +, -, –, o, 1) where II is a set, + is a multivalued
binary operation on H, i.e., a function hom H x /7 to the set of all subsets of X,
is a binary operation on H, – : H A Ii is a function, and 0, 1 are elements of A

slrch that

1. tH , +, –, o) is a canonical hypergroup, terminology as in Rlittas [35], i.e.
(1) c e a + b + aec + (–b) ,
(2) a e b + 0 iff a = b,
(3) (a + b) + c = a + (b + c), and

2. HyPERFIEI.DS
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Il. tH, -, 1) is a commutative rnonoid, i.e., (ab)c = a(bc), ab = ba, and al = a for
all a, b, c C X; and

(4) a + b = b + a; and

III. aO = 0 for all a C A', and

IV. a(b + c) g ab + ac; and

Hyperfields form a category. A morphism from HI to #2, where Hl , #2 are
hyperfields, is a function a : H1 + x2 which satisfies aCa + b) g aCa) + a(b),
a(ab) = CE(a)a(b) t a(–a) = –a(a) i a (0) = 01 a ( 1 ) = 1

Here are some elementary consequences of the hyperaeld axioms: (i) –O = 0 (ii)
–(–a) = a (iii) a + b / O (iv) a(–b) = –(ab) (v) (–a)(– h) = ab.

Every field is a hyperfield. The simplest non-trivial examples of hyperfields are
the quotient hyperfields. If r is a subgroup of X*, where H is a field or hyperfield,
the quotient hyperheld N/mT = (H/mT, +, -, –, o, 1) is defined as follows: H/mT
is the set of equivalence classes with respect to the equivalence relation A' on if
defined by a h, b iR as = bt for some s, t C :F. The operations oil HI „,T are
the obvious ones induced by the corresponding operations on H: Denote by a the
equivalence class of a. Then a e 8 + a iff as e bt + cu for some s, t, & e T, ab = ab,
–a = =. Also, 0 = 6, and I = T. The group of non-zero elements of H /mT is
H* /T. The subscript m here is used to indicate that HI „,T is a quotient modulo
a multiplicative subgroup T and x-as introduced in [31]: although we call if/mT
a quotient, its construction really resembles more that of a localisation, and the
authors believe that denoting it simply by HIT might be somewhat misleading.

The hyperfield a,sociated to an ordered abelian group F == (F, ', 1, S) is F u
{0} ;= (F U {0}, +, ', –, 0, 1), where

V. 1 + 0 and every non-zero element has a multiplicative inverse

a + b = = { ; } I ? i; ; = 6

a. 0 = 0 - a := 0 and –a := a. Convention: 0 < a for all a C F
A valuation on a held K is just a morphism u : K –> FU {o}, for some ordered

abelian group F := (F, -, 1, S). If F is the value group of o, i.e., if u is surjective,
then u induces an isomorphism D : KI „,u + F u {o}, where u is the unit group of
al

See [32] for an example of a hyper6eld which is not realizable as a quotient
hyperfield of a field

\Ve are mostly interested in one special exarnple of a quotient hyperfield, namely
the hyper6eld K/mK *2, for a fixed field K , and its particular connection to s)’m-
metric bilinear forms over K. Observe that, for a 6eld K , and for z, a, bC if the
following equivalence holds true

z = aa2 + bF/2 for some z, v e K* if and only if ? ed + i in KIn,kCl

IThe foregoing example notwithstanding, in what follows we will always use the more standard
additive notation for valuations, i.e., a valuation is a function u : K -+ FU {oo}, for some ordered
abelian group F := (F, +, 0, 2)
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It turns out that. in fact, a slightly more general equivalence holds true. at least
when A- IL F2, F3, char(K ) + 2 (see Proposition 3.1 below for details). namely:

This equivalence fails to hold without these additional assumptions. Here it is
necessary to modify the definition of addition in A-/„,A *2. de6ning a+ b. for a, b +
0. ”by hand” . Fortunately enough, this can be also done more conceptrrally, by
cleaning a new addition on any given hyperfield

If H = ( X, +, ., –, 0, 1) is a hyper6eld, the prime addition on A is defined by

= = a12 + by2 for some r. ge K if and only if : ea + B in K I „,K'1

'-'={i::-„,”
if one of a, b is zero

if a # 0, b + O, b 74 –a

if a # 0, b# 0, b = –a

Proposition 2.1. For any hyperHeld H := ( X, +,•, –, 0, 1), H1 ;= (H, +’, ', –, 0, 1)
is also a hyperfield

In the next section we use the following result

We refer to H1 as the prime of the hyperfield H. Observe that if T is a subgroup
of H* then Hf InT = kH I mTV

Let K be a field. The quudruLic hypCThCld of it, denoted Q(K ), is defined to be
the prime of the hyperheld h’/mK*2.2 Note that Q(K )- = K' /K*2

3. QUADRATIC HYPERFIELDS AND \VITT nQUIVALENCn

Proposition 3.1. Asslrmc R e Q(K)* . Then
(1) a2 = i
(2) if a 74 –i then i + a is a subgroup of Q(Ky .S
(3) if Kf IFs, iFs and char(A’) + 2 then Q(K) = KI mK•-‘

The interest in Q(h-) stems horn its connection to symmetric bilinear forms over
K. One is mainly interested in the characteristic + 2 case. In this case, symmetric
bilinear forms and qrradratic forms are the same thing.

Denote by I't£(X) the Witt ring of noir-degenerate symmetric bilinear forms over
K ', see [27], [29} or [48] for the definition in case char(K) # 2 and [19], [20] or [33]
for the definition in the general case.

2This is the same object rpferred to in [31, page '158]. R011ghly speaking, it is the quadratic
form scheme of K, terminology as in [26] or [27], with zero a(Ijoined

31f G = (G, –1, Y) is an (abstract) quadratic form scheme, terminology as in [26], then H =
(II, +, ', –, 0, 1), where H := C U {o}

{{:IT;:I:r.TrY:/*–.
a ' 0 = 0 ' a := 0 and –a := (–1) . a, is hyperfield satisfying (1) and (2) of Proposition 3.1, i.e
for all a e H' (1) a2 = 1 and (2) if a 71 –1 then 1 + a is a subgrorrp of A' . Conversely, every
hyperfleld H satisfying (1) and (2) arises in this way, from some unique quadratic form scheme G.
See [26, Theorem 1.4] for some equivalent descriptions of quadratic form schemes. The question
of whether every quadratic form scheme is realized as the quadratic form scheme of a field appears

+b

to be still opc
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A (non-degenerate diagonal) binary for 'I it over A’ is just an ordered pair <a, B>,
a, b c K' I K•t . The value set of such a form, denoted by D KB,th , is the set of
non-zero elements of a+ 6, i.e., Dx (a, i> is the image under K* –> K' I K'2 of t.he
subset I)KLa, b> of K* defined by

D„(a’Q := {:*Jf; :: ::; + by2,,,y e K} otherwbe

Two binary forms (d, B> and (E, d> are considcred to be equiuaLent. denoted <a, i> a
<Cd>, if E e Dx<a,i) and ai = Ea

in terms of generators and relations, IF(K ) is the integral group rIng Z[X*/K*2]
factored by the ideal generated by [1] + [–1] and all elements

See [20, Theorem 1.16 (iv) and Corollary 1.17] for the proof. Here, k] denotes the
image of F under the canonical embedding K• IKa q Z[K*/X*2]

A hyperfield isomorphism a : Q(K) –> Q(L), where K, L are 6elds, can be
viewed in a group isomorphism a : K• /A’*2 –> 1*/E*2 such that a(–T) = –i and

[al + [b] – [c] – [d such that a,i,a,dc K’ I Ka , {a, i> = (e, d>

or. equivalently. as a group isomorphism a = K• I Ka –> L*/L*2 which induces a
ring isomorphism between IV(R-) and IT/(b). \Ve say t\vo 6elds X and E are mt
equivalent, denoted K h, Z, to indicate that Q( K) and Q(E) are isomorphic as
hyperfields. For completeness and clarity we record the following:

a(Dx <a, B>) = D£<a(a), cr(8)> for all a, Be A’*/K*2,

For fields of characteristic + 2, Witt equivalence is also characterized in terrns
of Galois groups; see [34, Theorem 3.8].

It is a’eII-knot'.’n that the \\'itt ring of a 6eld if encodes the theory of symmetric
bilinear forms over A’. Witt equivalent fields can be rmderstood as fields having
the same symmetric bilinear form theory, The quadratic hyper6eld Q( K) encodes
exactly the same information as the Witt ring tIF(R: ). At the same time, it is a
much siInpler and easier object to deal with,

Hyperfields provide a 6rst-order axiomatization of the algebraic theory of qua.
dratic forms. Although other first-order descriptions have been already known for
some time (see [9] ,ind [301), it seems that the theory of hyper6elds is the most
natural arId the most easily understood. All the results presented in what follow’s
can be ”translated” to the traditional notion of Witt rings, and, as of today, the
authors are not familiar with any results in the algebraic theory of quadratic forms
that can be proven with the use of hyper6elds, but can not be proven without them
Still, the authors believe that hyperfields make the exposition easier to read and to
ul rderst and

Proposition 3.2. K h, £ iff tV(K) and MCE) are isomorphic as rings

Let H\ , Hz bc hypcrHclds. Each morphism & : A\ d H2 induces a morphisn1
t : Hr/mA –> H2 where A := {n e Eff ; I( n) = 1}. The morphism b is said to
be a quoticnt morphism if I is an isomorphism, equiv,rlcrrtly, if & is surjecti\'e, and
&(c) C r.(a) + r(b) iff cs e at + bu for some s, f, a e A. A rnorphism & : #1 –> HI

4. QUADRATIC IIYP=RFrELDS AND VALUATIONS
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is said to be a group eltension if t is injective, every a e A;\t(H{ ) is rigid in the
sense that 1 + r g {1, =},4 and y e A\ . u+ –1 + r (1 + v) = 1 + b(y)

\\'e assume no\\' tlrat K is a field. For a valuation u on I< . F„ denotes the value
group, I„ denotes the valuation ring. J/. the m&ximal ideal, U.. the unit group,
and K. the residue field. n = n. : A„ a K, derrotes the canonical homornorplrism
i.e., T(a) = a + If„. \To say o is discrtte rank one if F. = Z. See [10], [12], [37] for
background material on valuations.

\Ve \viII be interested in the subgroup T = (1 + A/.) K a of K'

Proposition 4.1. Suppose u is non-trivial and :F = (1 + if,,)K *2. Then:
(1) TU zT C T + =T for all = e K'
(2) T – T = K..
(3) The map Q(K) –> K /mT de6ned by E A =T is a quotient morphism

Propositions 4.2 and 4.3 below are variants of old rcsults of Springer [40], [41]
couched in the language of quadratic hyperfields. Consider the canonical group
isomorphism a : u,K•2/k\+bJ,)K'2 + K’,IK',2 induced by a c u, n T(n) c A’; .
Define c = Q(K.) + A•/mT by &(o) = o and L(rI) = a–1 (a) for a c K IIKe
Proposition 4.2. Suppose u is non-trivial arId T = (1 + n/.)K *2. TheIr

(1) & is a morplrism;
(2) & is a group extension,

Note: The cokernel of the group embedding a–1 : K; IK:: > K' IT is equal
to K• lu,K'-z = F,/2F,. For this re,bon we sometimes say that KIn,T is a group
c=tension of Q(K„) by the group F,/2F”

Proposition 4.3. Suppose u is non-trivial, char(K„) 74 2, and 1' = (1 + M„)X*2.
Then K I mT is naturally identified with Q(i.), where it, denotes the hensehzation
of (A’, u),

Note: The conclusions of Propositions 4.1, 4.2 and 4.3 also hold when u is trivial
provided K 74 IFs, IFs and char(K) 74 2

If u is discrete rank one, one can replace henselization by completion in Prop(b
sition 4.3. The assumption in Proposition 4.3 that char(K,) 74 2 is crucial. One
says that u is dyudic if char(K) = o, char(K,) = 2. The structure of Q(K.) when
u is dyadic is complicated; see [27] or [29] for the case where K is d number field
and [16] and [171 for the case where if is arbitrary

Remark 4.4. Suppose u, u’ are valuations on K with u 3 u/, i.e., u/ is a coarsening
of u, i.e., .4„ g .4,', Then XI.I g ,V, so (1 + Af„f )If*2 g (1 + A/,)It'2. Denote
by E the valuation on K,I induced by u, i.e., F(T„rCa)) = u(a), for a e U„' . Note
that T and u have the same residue field. See [37, Chapter C] for background
Assume non' that u, u’ are non-trivial and that u/ is a proper coarsening of u. Then
K/m(1 + Al.)K*2 is a group extension of the hyperficld K.r /m(1 + Nlt)Kj? in a
natlrral \vax. and the following diagram of hyperfields and hyperficld morphisrns is

4\Ve are interested here in the case where the groups Hi , II; have exponent 2
+ r g {1, 2} ++ 1 + = = {1, a},
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commutative:

(4.1) Q(A’) = K/n,(1 + ,1/.f )x*2 . A’/m(1 + M.)A’*2

Q(Kt,, ) K,f /m(1 + MT)A;?

Here, the horizontal arrows are quotient morphisms and the vertical arrows are
group extensions,

aCK.)

Let T be a subgroup of X *. \Ve say 3 C K' is T -rigid if T + Ta C T U T=.

Elcrnerrts of BCT) are said to be T -basic. Note that if a C I<' is T-rigid and y = lz,
t c T, then y is T-rigid. Consequently, BCT) is a union of cosets of T. –1 is
not T-rigid (because 0 C 7' – T), so gT g B (T) . We say that IF is e=ceptionat if
BCT) = IT and either –1 c T or T is additively closed

\\’c recall the result of Arzuiorr. Elnran and Jacob alluded to in the introductiorr

BCT) := {r e K* : cither z or – z is not T-rigid}.

Theorem 4.5. Let T g K' be a subgroup and H g K* be a subgroup containing
BW). Then there eTists a subgroup iI of K* such that H g H and (H : H) $ 2
and a mutIlation u of K such that \ + Al„ q T and U„ g fi . MoTeover, H = H
works, unless T is e:ceptionat.

\Vc will apply Theorem 4.5 to study \Vitt cquivdlcncc of function fields over
global fields. We make frequent use of the following:

Proposition 4.6
(1) B(A’*=) is a subgroup of K*
(2) Suppose :F = (1 + n/„)x *2 for some non-trivial valuation u of A’.

BCT) g U,.K'2 and

Then

where & ; C?(K.) L> KI „,T is the morphism in Proposition 4.2. B(F) is a F,roup
and the gi-oup isomorphism & : /q//q2 –> U,.K•2 IT induces a group isomorphism
B(A':2)/K;2 + B(7')/T. T is exceptional iff K=2 is exceptional.

BCT) = {= c K* ; F = c( g) for some y e B(K=2)}..

For any abelian group F, the rational runE of F, denoted rk&(F), is defined to be
the dimension of the Q-vector space F Ez Q.

We apply Theorem 4.5 to obtain useful results concerning the behaviour of val-
uations under \Vitt equivalence; refer to Theorem 5.3 below. \Ve begin with two

5. l\'IATCHING VALUATIONS

Lemma 5.1. lj t is a torsion free abelian group und IF/2F[ = 2F, hen rkQ(F) ? r

This is \veII known. Observe that if F = Zx . . . x Z (r factors) then IF/2Fl = 2r
so rkQ(F) = r holds in tlris case. On the other hand, if F = Q for example then
rkQ(F) = 1, r = 0,
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Lemma 5.2. Suppose u. It' ure non-comparable uutrtations on a fIeld K and F„ is
RniteLy generated as an aDcHan group. Then (1 + J/,„) K'2 g (1 + XI,.)K•2

Note: Since the abelian group F, is torsiorr free. the assumption that F. is finitcly
generated is equivalerrt to F. a Zx ' . . x Z, r times, for some r ? 0,

Theorem 5.3. Suppose K . L are fIelds, a : Q(K) d Q(L) is a hyperjrcld isomoT
phism and v is a valuation on K such that T. is jrnitety generated as an abelian
group. Suppose either (i) the basic part of (1+ if„ )K*2 is U.K*2 and (1+n/„)K*2 is
uncrceptional, or (ii) the basic part o/(1+,If„ )if *2 is (1+J/.)A *2 and (1+ A/,)K*2
has inde£ 2 in U.K*2 . Then there e=ists a valuation u, on L such that the image of
(1+XI,.)K'2/K•2 under a is (1 +A/„,)£'2/£'2 and (L• : U„.L'2) ? (K' : U.K-2)
li (i) holds, then the image of U,K*t 1 K*2 under ct isU„,L*2 / L*2 .

Proposition 5.4.
(1) Suppose if , I are fields and a : Q(A’) –> C?(L) is a hyper6eld isornorphism

such that the image of (1 + n/,,)/f*2/K-2 under a is (1 + a/,„)L*2/L*2. Then a
induces a hyperfield isomorphism A’/m (1 + if„)K *2 a L/,n(1 + M,„ )L*2 such that
the obvious diagram

(5.1) Q(K) , Q(L)

1 1
A’/.,(1 + Al,)K*2 ) 1/m(1 + MW)L*2

commut,es

(2) if, in addition, the image of U.KFI / Ka under a is hL*2/L*2, then a
induces a hyperficld isomorphism Q(K,) –> (2(h) and a group isomorphism
F,/2F, a Fm/2F„, such that the obvious diagrams

(5.2) K/„,(1 + M,)A-*2 : 1/,n(1 + AJu,)L*2

T T
QtKt) 1 c2(Eu,)

(5.3) Q(K)* : Q(Ly

11
r,,/2r. ] r..,/2r„

commute. \Ve are assuming here that u, tu are non-trivial

Suppose A’ and k are fields. \Ve say it is a function fIeld over h if I< is a finitely
generated Held extension of k. If trdeg(K : k) = n we say A’ is a function Feld in n
variables over k. The feld of constants of K over A (i.e., the algebraic closure of k
in A’) is a 6nite extension of k [28, Chapter 10, Proposition 3]. We do not require
that k is the field of constants of A’ over k. If I< is a function field over h and u is
a valuation on I< , the Abby ankar inequality asserts that

6 ABH\’ANKAR VALUATIONS ON FUNCTION FIELDS OVER GLOBAL FIELDS

t r(leg(A’ b) ? rk',)(F„/F„It) + trdeg(K„ : k„It),
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where uIl denotes the restriction of u to k. \Ve \viII say the valuation u is Abhy anlcar
(relative to k) if

trdeg(K : k) = rk(2 (F,/F,k) + trdcg(K, : hk)
In this cine it is n'ell known that F,/F, it is finitely generated and A’„ is a function
field over k,\h. For a proof of these assertions see [25, Corollary 26].

A global $cId is a field which is either a nlrmber field, i.e., a finite extension of
<Q, or a function 6eld of transcendence degree 1 over a finite field

We are interested here in function fields over global fields, equivalently, function
fields of transcendence degree ? 0 over CQ or function fields of transcendence degree
Z 1 over Fp for some prime p. If K is any field \ve define the nominal transcendence
degTee of K to be

{

trdPg(K : Q) if char(X) = o
trdeg(H : IPp) – 1 if char(K) = p f o

Thus, if A- is d function Held over a global held k, then ntd( A’) = trdeg(A’ : k). In
this situation, for any valuation u of A’,

ntd(X) :=

M(r’) := {:::iFI:IF:::: + 1
if ujk is trivial
if ujk is discrete rank 1 ’

and

nt d ( xv ) : = { : :: :: E :: : :: : : 1 : : : : : i: ===t era nk 1

It follows, for any valuation u of K , the Abhyankar inequality implies

and u is Abhyankar (relative to k) iff

utd(K) ? rk('(F,) + ntd( A’„)

nd(K) = rko(F,) + ntd(K„),
Moreover, if u is Abhyzurkiu (relative to A) then

(Mtb rk{}(FT) factors) and Kv is either a function held over a global Held (if
ntd(A-.) ? 0) or a finite field (if ntd(Ku) = –1)

F„ a Z x • . x Z

The main result in this section is Theorem 7.5 which explains how a Witt equi\'-
alence of function fields over global fields induces a natural bijection between At>
hyankar valuations.

It is important to point out that the bijection between Abhyankar valuations of
function fields over global fields is very special. In general, Witt equivalence of two
fields does not imply any bijection between valuations whatsoever, as shown in the
following sinrplc exanrple:

7, \VITT EQUIVAL£NCE OF FUNCTION FIHLDS OV8R GLOBAL FIELDS

Example 7.1. Let F = k((f)), where k is an algcbraically closed field, char k / 2
Denote by u the natural valuation on F. i.e.,

-(E -it') := mi„{{ : '. # o} if }'..L' # o.
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The residue field of (a u) is A, the value group is Z. Applying Proposition 4.2, \ve
see that QI F) is d group extension of Q(k) = {o, 1} by a cyclic group of order 2, so
QC r> = {o, llp}. p c Qt FY Qtkl. a+0 = at 1+1 = p+ p = {ot IIp}, 1+p = {IIp}l
a . 0 = 0, 1 . 1 = p . p = 1, 1 ' p = p. It is not difflcult to check that exactly the
same identities hold true for Q(IFs), so that QI F) a Q(Fs) ,ind thus F N Fs. At
the same time. F has lots of non-tri\laI valuations. whereas IFs has only the tri\'idl
one

Lemma 7.2. Suppose K is a function Feld over a gLobal fieLd. Then
(1) There are infInitely many discrete rank one Abhyankar vatuat£ons v on K ,
(2) The group K* / K*2 is in$nite.
f:3) For tiny n e K' : 1 g C Kt2 + =1<•2 . y { Kt2 U IKq2 . J/ char(A-) 74 2 or

= { K*2 one ean choose y + b
(4) BCK”) = K*

\Ve begin with some preliminary results

Theorem 7.3. Suppose K is a function bet(i over a global fIeLd and v is an Ab
t\yankcm valuation on K . Then:

( 1 ) IK 1 : li,K'2) = 2FkQCf'’>

All of this seems to be well-known. Anyway, here is a proof,

„'""~:''*„„'’,={1 :{'=':j:i:r ::::El: i::.
(3) The basic pUTt of T r= (1 + M„)Ka is

( U.K*2 if ntd(K,) ? 0
J £F = U„K'2 if K, is finite, char(K,) # 2, –1 # KF
IT aK. is fInite, char(K„) # 2, –1 e K:2
IT = UvA*2 iF K, is Rude, char(K,) = 2

Lemma 7.4. Suppose K is a function fIeld over a global fIeld, L is a field, and
a : QC K ) > Q(L) is a hupeTheLd isomorphism. Then ntd(1) ? ntd(X)

Theorem 7.5. Suppose K, L are junction $eLds over global $elcts and a : Q(K) –>
Q(L) is a hypeT Peta isoTnoTThism. Then.

(1) utd(K) = ntd(E)
(2) For each Abhyankar valuation v of K uith K„ not fInite of chuTacteris-

hc 2 there e=ist s a unique AbhuaTbkcLr valuation ui of L such that a maps (1 +
MaK*2 IK’2 onto a + A/u.)L*2 FL*2 . Lu is also not $nite of characteristic 2,
rkQ(F.) = rko(Fw) and ntd(K,) = ntd(Ew)

(3) a maps U„K*2 / K*2 onto UmL*2 / L*2 except possibly token K„ is fInite,
char(K.) + 2 and –1 e K=2.

(4) FoT v , tv non-trh>tub CI induces a hyper$eId isoTrlorpMSTrb K / „,(1+ MaIC2 a
LI „, ( 1 + N’I,.)L*2 such that diagram (5.1) corrtmutes. If, in addition, a maps
U,K*2 1 K*2 onto UmL*2 [ L*2 then cr indaces a hyper held isomorThisTrt QLKu) –+
Q(L,A and a group isoTnorphism F,/2F, –+ Fu, /2F„ such that diagrams (5.2) and
( 5.3) coTrtmute.

(5} if u corresponcls to to and v1 corresponds to uf then vF is coarser than v iII
is coarser than to
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Note: One can show that Q(K.) a Q(L,„) as hyper6elds. and F,,/2F„ B Fu,/2Fu,
as groups, even in the case where a does not map u,K'2jK'2 onto U„,L•l /L*2

The next two lemmas allow one to distingujsh the charactcristic 2 case from the
characteristic + 2 case. Denote by t c K' /K•2 the image of fC K*

Lemma 7.6. Suppose if is a fIeld, char( A-) = 2.. F, I c K• I Ka , E, g + 1 and

# e Dx<1, F> . Thcn Dx(1,#> = Dx<1,R>.

Lemma 7.7. Suppose K is a function $eId over a global fIeLd, char(K) 74 2. Then
there exists F, gc /f*//f*2. E, 1 74 1 such that # c D/\'<1, E>, Or(<1, 1> g Dx<1, B>

Coronary 7.8. Let K, L be function fIelds ouer global fIelds and K h' L. Then
(1) char(K) = o af char( L) = o
(2) char(K) = 2 idf char(L) = 2

Remark 7.9. (1) For a global aeld K the square of the fundamental ideal of its Witt
ring of non-singular symmetric bilincar forrns vanishes, if K has characteristic 2 ( [33,
Theorem 111.5.10]) and does not vanish for global fields of any other characteristic
(see [33, Chapter IIII). Hence, if K and I are witt equivalent global fields and one
field has characteristic 2, the other does also. Corollary 7.8 can be viewed as a
certain generalization of this observation

(2) Any two quadratically closed fields are \\Fjtt equivalent, regardless of their
characteristics, their Witt ring being just z/2z ([27, Proposition 3.1], [33, Remark
III.3.4]). Therefore it is, in principle, possible to provide an example of two Witt
equivalent fields if and Z with char K = 2 and char E + 2. However, the authors
are not aware of any other examples.

Lemma 7.10. If K is a function FeLd over a Feld k, char(k) = 2, then
[A’ ; A'2] = 2trd'gCx:k> ' [h ; k2]

Remark 7.11.
(1) it follows from results in [4] (specifically, from [4, Theorem 2.9 and Propch

sition 2.10}) that (i) if X, E are global 6elds of characteristic 2 then K N I, and
(ii) if X, L are function fields over global fields of characteristic 2 of nominal tran-
scendencc degree 1 or more then if A, Z iff 1< 3 L. One obtains these results by
applying Lemma 7.10, taking k = F2.

(2) For K, L global fields of characteristic 74 2 the meaning of K N E is well
understood; see for example [5, Theorem 3.1 and Corollary 3.2]

The relationship between Abhyankar valuatiorui o on K with A’„ 6nitc, char( K.) =
2 and Abhyankar valuations to on E \vith Z„ finite, char(Z„,) = 2 seems to be not
very well understood.

Remark 7.12.
(1) if if and I are number fields and a : Q(A’ ) + Q(L) is a hyperfield isc>

morphism the arguments in [42] show that for each dyadic valuation u of A’ there
exists a urrique dyadic valuation m of Z such that a maps (1 + 4A/„)K *2/K *2 onto
(1 + 4Af,„)L*2/L’''2.

(2) Suppose u is a dyadic valuation on a number field K. Denote by A’„ the
completion of K at u. The natural embedding K L+ A’. induces a hyperfield
isomorphism K /mT = Q(i<,), u,here F := (1 + +NI,)K•2. The structure of QCA,)
is described in [29, Section 3.6] for example.
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(3) Suppose A’ is a function field over (Q and u/ is an Abhyankar valuation on A’
such that the residue field K„I is a number field. Suppose also that u is a valuation
of if such that u < u’ and the induced valuation T on K,.I is dvadic. Then NI,.. C if,.
and 41/./ = A/,r (so 1 + NI,,I g 1 + 4,if,,), KI m(1 + ANI.) K*2 is a group extension
of the hyper6eld A’.//m (1 + 4,v7)/{,1,2 in a natural u’ay, and the following diagram
of hyperfields and hyperfield morphisms is commutative:

(7.1) Q(A’) : /f/m(1 + if,/)A’*2 : A’/,„(1 + 4A/.)X*2

T T
Q(K,r ) I Kv F m(1 + ANInK :?

Here, the horizontal arrows are quotient morphisms and the vertical arrows are
group extensions,

(4) it foIIc)ws from (1), (2) and (3) that if A-, L are function fields over global fields
and a : QC R-) –> Q(E) is a hyperHeld isomorphism, then there is a well-defined
bijection u A to such that a maps (1 + 41/.)A’*2 [ K'2 onto (1 + 41tim)E*2/L*2
between Abhyankar valuations u of K with A’. finite, char(K„) = 2 such that
there exists an Abhyankar valuation u’ with u 3 u/ and K„I is a number field and
Abhyarlka,r valuations to of E with Eu, finite, char(lu,) = 2 such that there exists
an Abhyankar valuation tv1 with to 3 to’ and L,„I is a number field. The proof is
omitted.

The relationship between non- Abhyankar valuations u on if and non- Abhyankar
valuations m on L is not very well understood. It is known, by results in [25], that
the Abhyankar valuations are dense in the spectral space consisting of all valuations,
but this does not seem to help very much,

Let I< be a funcLiorr field in 7& variables over a global Held. For 0 $ { $ n denote
by 1/K,i the set of Abyankar valuations u on IT with rrtd(K,) = i, Observe that

8. FURTHER APPLICATIONS

\\,here

uK ) = uKl lto U uK,i\r U uK iR (disjoint union)

f {o e uK,, ; char(K,) = o} if j = o
uK.,.1 := { {o e %, ; char(K,) 74 o, 2} if J = 1

I {0 e uf<1, : char(K,) = 2} if j = 2
Of course, some of the sets yKlilj may be empty. Specifically, if char(K) = p for
some odd prime p then uR.iI = a for j c {o, 2}, and if char(K) = 2 then ux,i,1 = a
for J e {0, 1}

Coronary 8.1. Suppose K . L are function jrelds in n variables over global $elds
u*hich are witt equivaLent uh a hyperfrelci isomorphism a : Q(K) a Q(L). Then
IOT each i e {o, 1, . . . , n} and each j c {o, 1, 2} Lhere is a uniqueLy dehned bijecLion

between uK,i,j and ul/,i,i such that, if v a tv under this bijection, then a maps
(1 + Xi„bK*2 / K*2 onto (1 + Nlm)L*2 / La and U„K"2 / K*2 onto UmL*2 / L*2

Coronary 8.2. Let K h' L be function fIelds over number fIelds, with fIelds of
COWStuT as k and e respectively. If there e=ists v e uK.o.a with K„ = k and in e wI,,o,o
with L,„ = C then k h. (
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Remark 8.3.
(1) Suppose A’ is the function field of an irreducible k-variety which has a non-

singular k-rational point. (This is always the case, for example, if A’ is purely
transcendental over k.) Then there exists u e ux,o,o with K„ = k. To prove this
one uses the fact that if A is a regular local ring of dimension n with maximal
ideal m = (nI , . . . ,rn) and residue Held k, then A/(n„) is a regular local ring of
dimension n – 1, and the localization of A at the prime ideal (rn) is a discrete
valuation ring with residue held equal to the field of quotients of A/(r,); e.g., see
[3, Chapter 11]. Iterating this procedure yields a chain of Abhyankar valuations
ul b ' - - E Un on K with trdeg(K,. = k) = n – i, i = 1, . . . , n and Kv„ = k.

(2) if A’ and Z are function 6elds over global fields of characteristic + 0, with
fields of constants A and Z, respectively, then I( h, L + k h' g. If k,t have charac-
teristic 2 then [h : P] = [f : #2] = 2, by Lemma 7.10, so k hr g, by [4, Proposition
2.10]. Suppose A, f each have characteristic different from 0 and 2, Then k, ( each
have level 1 or 2. If k has level 1 then K and consequently also Z has level 1. Since
f is algebraicaIIly closed in Z this implies E has level 1. This proves A and ( have
the same level, so I N f, by [5, Corollary 3.2]

(3) Combining Corollary 8.2 with (1) and (2) we see that, in particular, [21
Proposition 3.2] is indeed true (even though the proof of [21, Proposition 3.2] given
in [21] is based on the erroneous argument in [21, Theorem 1.31)

Suppose now that h is a number field. Then every ordering of k is archimedean
i.e., corresponds to a real embedding k q IR. Let rI , respectively r2 be the number
of real embeddings of k, respectively the number of conjugate pairs of complex
embeddings of k, Thus [t : QI = rr + 2r2. Let

% := {r C k+ : (r) = a2 for some fractional ideal a of k}

Here, (r) denotes the fractional ideal of k generated by r
of A* and k'2 C %

Clearly % is a subgroup

Lemma 8.4. The 2-rank a/U,/k'2 is r1 + r2 + 2-rk(Gk), where Ck denotes the
ideal class group of k

Lemma 8.5. SupP)sc A- = k(ni, . . . , in) anti u is a discrete Tun bi I uaLuation on
k. There e=ists an Abhyankar ea;tension v’ of v to K such that r,/ = F,.

Theorem 8.6. Suppose if = k(al, . . . , rn) and L = f(a1, . . . , n„) where n ? 1
and it antI t aTe number fretds, and a : Q(K) –+ Q(b) is a hyperfrekl isomorphism.
Then

(1) T e V jke iB aCr) et* ! to
(2) The map r u aCr) defInes a hyperFeld isomorphism bettveen Q(k) and Q(E)
(3) a maps Uk/k*2 toVtl ta
(4)The 2-ranks of the ideal cZass groups of k and c are equal.

Remark 8.7. (1) The fact that \Vitt rings of number fields carry some data on the
parity of class numbers was first noticed in [43], and then some addition,iI results
were given in [18]. A deeper study of the relations between Witt equivalence of
number fields and 2-ranks of ideal class groups can be found in [7]

(2) One can extend Theorem 8.6 a bit: Let %1 denote the set of all r C k' such
that u(r) is even for all non-dyadic valuations u of k. By Lemma 8.5

%1/ka = {r c k*/k*2 : r c U,.K'2 1 Ka vu c K/rIn_1,1},
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so a maps VI /k*2 to q /£*2. Applying this in conjunction with the generalization
of Lemma 8.4 given in [6, Lemma 2.4] or [45, Proposition 1], \\-e see that the S-cldss
groups of k and f have the same 2-rank, where S consists of all primes which are
infinite or dyadic,

Questions:
(1) in Theorem 8.6, is the hypothesis that I< and L are purely transcendental

over A and f really necessary?
(2) For arbitrary fields K and L is it true that K(d N ECn) + x N I?
(3) For fixed integers n ? 1, m ? 2, are there infinitely many Witt inequivalent

fields k(sl, . . . , n.), k a number ReId, [k = Q = m?
Question 3 is interesting because, for given m, there are only finitely many Witt

inequivalent number fields k with [k = Q = m. For m = 1, 2, 3 and 4 these numbers
are 1, 7, 8 and 29 respectively; see [7] and [18]

It is proved in [45] that if z is a number held, [g : Q] even, and g + Q(va)
then. for each integer t > 1. there exists a number field k such that A N, £ and the
2-rank of the class frc)up of h is : t. This extends an earner result in [7]

Corollary 8.8. For bred nZ 1 and Bred nlrTnber HeLd g, p = Q] euen, g + Q(A),
there are inBnitetu manu witt inequitnrlent fIelds of the jorrrb k(£1, . . . , n.), k a
number fIeld, k h, t

For odd degree extensions Question 3 remains open. Table 2 in [45] shows that
each of the 8 Witt equivalence classes of cubic extensions contains 6elds with 2-
rank of the class group equal to 0, 1, and 2. Results in [11] [38] [39] [47] show that
0, 1, 2,3,4, 5, 7 can occur as the 2-rank of the class group of a cubic field
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